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1 Preface

A real vector space V allows the representation of 1-dimensional, weighted, oriented
subspaces. A given vector v € V represents the subspace span({v}) = {av : a € R},
called the span of v. Inside this subspace, vectors can be compared with respect to v;
if w = awv, for some a € R, then its magnitude (relative to v) is |a| and its orientation
(relative to v) is sgn(a). To compare vectors between different subspaces requires a way
to measure magnitudes. This is made possible by introducing a symmetric bilinear form
in V', turning V' into a symmetric bilinear space.

An exterior algebra on V extends V' to a unital associative algebra G(V'), which
allows the representation of subspaces of V' as elements of G(V). Each k-dimensional
subspace of V' can be represented in G(V') as an exterior product of k vectors, and vice
versa. Each element representing the same subspace in G(V'), the span of the element,
can be compared to a baseline element to obtain its relative magnitude and relative
orientation. A symmetric bilinear form in V' induces a symmetric bilinear form in G(V)
(the scalar product), so that G(V') also becomes a symmetric bilinear space. Given
a symmetric bilinear form in G(V'), one may measure magnitudes of subspaces, and
define the contraction in G(V'), which is the algebraic representation of the orthogonal
complement of a subspace A C V on a subspace B C V.

A Clifford algebra on V introduces a single product, the geometric product, in G(V),
which encompasses both the spanning properties required to form subspaces, and the
metric properties required to measure magnitudes. A special property of this product over
the more specific products is that it is associative. This brings in the structure of a unital
associative algebra, which has the desirable properties of possessing a unique identity and
unique inverses. Applying the geometric product in a versor product provides a structure-
preserving way to perform reflections in V', which extends to orthogonal transformations
in V' by the Cartan-Dieudonné theorem.

1.1 Relation to other texts

This paper can be thought to complement the book Geometric Algebra for Computer
Science [3], which we think is an excellent exposition of the state-of-the-art in geometric
algebra, both in content and writing. A mathematician, however, desires for greater
succinctness and detail; we aim to provide that in this paper. Ideally, one would alternate
between this paper, for increased mathematical intuition, and that book, for increased
geometric intuition.

The organization of this paper is inspired by the Schaum’s Outlines series. In partic-
ular, we begin each section by giving the definitions without additional prose, and then
follow up with a set of theorems, remarks, and examples concerning those definitions.
In addition, we give many of the theorems and remarks a short summary; we hope this
makes it more efficient to skip familiar parts later when recalling the subject matter.

In addition to [3], we merge together ideas from several other texts on geometric
algebra, notably [4] and [2]. Here we briefly summarize the key points in which we have
either adopted, or diverged from, an idea. A comparison between terms in different texts
is given in Table 1.

Remark 1.1.1 (Coordinate-free proofs). We prove the results in Clifford algebra
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Table 1: Comparison of terms between texts

Concept This paper 4] 3]

Product of k vectors Versor Versor -

Product of k£ invertible vectors | Invertible versor | Invertible versor | Versor

Simple element of CI(V) k-blade simple k-vector | k-blade
Solutions to v A A =0 Span ? Attitude
Measure of size in CI(V) Magnitude Magnitude Weight

without assuming a priviledged basis for the vectors. This reveals structure in proofs.
The key theorem in this task is Theorem 4.5.14, which shows that vector-preserving
homomorphisms preserve grade.

Remark 1.1.2 (General form for the bilinear form). We do not assume any par-
ticular form for the underlying symmetric bilinear form. This makes it explicit which
theorems generalize to arbitrary symmetric bilinear forms, and which do not. In addi-
tion, this reveals structure in proofs.

Remark 1.1.3 (Contraction, not inner products). We adopt the definition of con-
traction from [3]. This definition is different from [4] and [2]|. See Section 4.8 for details.

Remark 1.1.4 (Explicit notation for dual). We denote the dual of a k-blade Ay on
an invertible I-blade B, by A, 5. This notation is shown appropriate by Theorem 4.11.4,

which says that
span (A, ) = span(A4;)"P. (1.1.1)

In addition, this makes the [-blade B; explicit, which is important when taking duals in
subspaces. We diverge from [3], which uses the notation A, and assumes the reader is
aware of the [-blade B relative to which the dual is taken. The undual A, * in 3] is given

by Aka;l_

Remark 1.1.5 (Minor corrections). To translate results between this paper and |[3],
it is useful to be aware of some minor errors in their text:

e What they call a bilinear form is actually a symmetric bilinear form.

e What they call a degenerate bilinear form is actually an indefinite non-degenerate
symmetric bilinear form, so of signature (p, ¢,0).

e What they call a metric space is actually a norm space.

e What they call a norm is correct, but only defined when the underlying symmetric
bilinear form is positive-definite.

These errors are minor, and in no way affect the excellent readability of [3].
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Table 2: Latin alphabet (small)

Symbol | Meaning Example
a, b, ¢, d | Vector in a vector space, 1-vector acV
e | Exponential function e
f, g, h | Function f(z),goh
7, 7 | Index 1€l
k, I, m | Cardinality of a set, grade of a k-vector {ai,..., a1}, Ay
n | Dimension of a vector space
o | Avoided; resembles zero
p, ¢, v | A distinguished point lim, ,, f(z) =y
s, t| -
u, v, w | Vector in a vector space
x,y, z | Point in a topological space
P, q, r | Represented point in the conformal model
[p] | Point representative in the conformal model | p € [p]




Table 3: Latin alphabet (capitals)

Symbol | Meaning Example
A, B, C' | Multi-vector A=>7_0 A
Ay, By, C,, | k-vector
B | Basis of a vector space or of a topological space | Bx C Tx
C | Closed sets of a topological space Cx
D FE |-
F | Field acF
G, H | Group
I, J | Index set {a;tier CV
K |-
L | Linear functions between vector spaces L(U,V)
M, N, O | Neighborhood, open set 0, € Tx(p)
P,Q |-
R | Rotor
S | Subset, subspace ScV
T | Topology Tx
U, V, W | Vector space veV
X, Y, Z | Topological space reX




Table 4: Greek alphabet (small)

Symbol | Meaning Example

a, B, v | Scalar, scalar tuple ael, ge ™

0, € | Small scalar, especially in limits

¢, 0,1, k| -
A | Scalar

v, & | -

o | Avoided; resembles zero

7 | Pi constant

p | Scalar, radius
o | Permutation o€ o(S)
T,V |-
¢ | Homomorphism oV =W
Y| -
¥ | Homomorphism vV =W
w |-
Table 5: List of named structures
Symbol | Meaning Example
N | Natural numbers 0,1,2
Z | Integers -2,-1,0,1,2
R | Real numbers
GL(V) | General linear group of V'
S(V) | Scaling linear group of V'
O(V) | Orthogonal linear group of V'
CO(V) | Conformal linear group of V'
T(V) | Translation affine group of V/




Table 6: List of operators

Symbol | Meaning Example
" | Grade involution A
" | Reversion A
| Conjugation A
Dot product, bilinear form x-y
x | Scalar product AxB
A | Exterior product ANB
| | Left contraction A|B
| | Right contraction A|B
x | Commutator product Ax B
X | Semi-direct product of groups T(V) x O(V)
+ | Internal direct sum of vector spaces Vi+Ww
¢ | External direct sum of vector spaces VeWw
L | Orthogonal sum of bilinear spaces V1iWw
® | Tensor product of vector spaces VoW
/ | Quotient vector space V/W
\ | Set difference R\ {0}
V"1 Orthogonal complement on subspace V | S™V
"B | Dual on B € CI(V) ArB
| - | | Cardinality of a set |S]
P(-) | Powerset of a set P(X)
| Closure of a set S
A, | Differencing at point p AL(f)
D, | Differentiation at point p D,(f)
o | Composition of functions fog
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2 Preliminaries

The aim of this paper is to study Clifford algebra, which is a unital associative algebra
over a field. Since this algebra contains a symmetric bilinear form, the preliminary theory
which enters their study consists not only of vector spaces, but also of bilinear spaces.
Of the bilinear spaces those with finite dimension, symmetry, and non-degenerateness
are priviledged over others. The reason for this is that it is only here where the orthog-
onal complement behaves in a geometrically meaningful manner, and where orthogonal
functions can be represented as compositions of reflections. These properties are both
essential for geometric algebra. In this section we develop these preliminary theories in
full generality. This approach shows clearly which properties generalize, and which do
not. We will assume that the reader is familiar on a basic level with groups and fields.

2.1 Basic definitions

A norm on a field F' is a function |-|: FF — R such that
o [z|=0<2=0,
* |z[ >0,

o |zy| = |z|lyl,
o |z +y| <z +yl,

for all x,y € F. A normed field F is a field together with a norm in F. The charac-
teristic of a ring R, denoted by char(R), is the minimum number of times the identity
element 1 € R needs to be added to itself to obtain the zero element. If there is no such
number, then char(R) = 0. Let X be a set. The set of subsets of X is denoted by P(X).
A permutation of X is a bijective function o : X — X. The set of permutations of X
is denoted by

o(X)={o:X — X : 0 is bijective}. (2.1.1)

A function is called an involution if it is its own inverse.

Example 2.1.1. The real numbers R and the complex numbers C are both normed
fields, whose norms are given by the absolute value.

Remark 2.1.2 (Two needs to be invertible). The characteristic of a ring is of interest
to us mainly because we want 141 € R to be invertible (strictly speaking, the element 2
might not exist in R, unless interpreted as 1 + 1). Many of the results in this paper fail
if this is not the case.

Theorem 2.1.3 (Group equality by surjective homomorphisms). Let G, G’, and
H be groups such that G is a sub-group of G'. Let f' : G — H and f : G — H be
surjective homomorphisms such that f = f'|G, and f~1(1) = f~Y(1). Then G = G'.

11



Proof. Let ¢ € G'. Since f is surjective, there exists g € G such that f(g) = f'(¢').
Since f = f’|G, it holds that f(g) = f’(g). Therefore

(9" = f()
<f'(g)f' (9" =
<91

=f(d'g
g

gH=1 (2.1.2)
1) 1
sgg e )= i) Ca
Therefore ¢ = (¢'g 1)g € G. O

2.2 Vector spaces

A vector space over the field F' is a commutative group V' together with a field of group
endomorphisms {¢, : V' — V},ecp, such that ¢,5 = ¢, 0¢s, for all o, f € F, and ¢, is the
identity function. For brevity, we will identify o € F' with ¢,, and denote av = ¢ (v),
for all v € V. The V is called trivial, if V' = {0}. If I is any set, then we denote

Fl={aeF':|{i eI:a(i)+#0} €N} (2.2.1)

Let A = {a;}ic;r C V. The span of A is the set of all finite linear combinations of A

span(A) = {Z aa; o € ]/7\[}, (2.2.2)

el
The A is said to generate V, if span(A) =V, and to be linearly independent, if

Y ;=0 a=0, (2.2.3)

i€l

for all « € FI. Tf A is not linearly independent, then it is linearly dependent. A
basis of V' is a maximal linearly independent subset of V. The dimension of V is the
cardinality of any basis of V', denoted by dim (V). Let W be a vector space over F. A
subspace of V' is a subset W C V such that span(WW) = W. Let U,W C V be subspaces
of V. The sum of U and W is the subspace

U+W={u+w:ueUandweW}CW (2.2.4)

If V=U+ W, and every vector v € V can be given as a unique sum v = u + w, where
u € U, and w € W, then we will denote V' = U + W, and say that V is the internal
direct sum of U and W. The external direct sum V & W of vector spaces V and W
is the external direct sum of groups V' and W, together with group endomorphisms of
the form

al(v,w)) = (av, aw), (2.2.5)

foralla € F; v eV,andw e W. If W C V is a subspace of V, then the quotient
space V/W is the quotient group {v + W} ey, together with group endomorphisms of
the form

alv+W)=av+W, (2.2.6)

12



for all « € F', and v € V. A function f: V — W is called linear if

flau+ pv) = af(u) + 6f(v), (2.2.7)

for all o, 8 € F, and u,v € V. The rank of f is the dimension of the subspace f(V),
and the nullity of f is the dimension of the subspace f~1{0}. The dual space V* of V
is the vector space of linear functions from V' to F'. The free vector space over F' on
set [ is the set

{f:I—=F:|f(F\{0}) €N}, (2.2.8)

together with point-wise addition and scalar-multiplication. The linear functions are the
homomorphisms of vector spaces.

Example 2.2.1. If V is trivial, then B = () C V is a basis of V; it is vacuously linearly
independent, and also maximal, since B U {0} is linearly dependent. The span of the
empty set is span()) = {0}.

Remark 2.2.2. By definition, all bases of V' have equal cardinality.

Remark 2.2.3. The quotient is the inverse of the direct sum; it subtracts a subspace.
That is achieved by identification of vectors.

Remark 2.2.4 (Direct sum is the direct product). The direct sum and the direct
product of groups and vector spaces are the same thing. The additive terminology is used
when dealing with commutative groups, and the multiplicative terminology is used when
dealing with non-commutative groups. Since a vector space is built on a commutative
group, the additive terminology is adopted for vector spaces.

Theorem 2.2.5 (Every vector space has a basis). Let V' be a vector space, and
A C V be a linearly independent set. Then there exists a basis B C V' of V' such that
AC B.

Proof. Let L be the set of those linearly independent subsets of V' which contain A. Then
L is partially ordered by the inclusion relation. Let C' C L be a linearly ordered subset
of L, and S = Ugee S- Since every S € C is contained in S, every subset of S is linearly
independent, and A C S, S € L. Therefore S is an upper bound of C' in L. By Zorn’s
lemma, there exists a maximal element B € L. Suppose B is not maximal as a linearly
independent set. Then there exists v € V such that B U {v} is linearly independent.
Since A C B U {v}, this contradicts the maximality of B. Therefore B is a basis. O

Remark 2.2.6. In particular, Theorem 2.2.5 shows that every vector space has a basis,
since the empty set is vacuously linearly independent.

Remark 2.2.7. For finite-dimensional vector spaces, Theorem 2.2.5 can also be shown
without using Zorn’s lemma. The claim that every vector space has a basis is equivalent to
Zorn’s lemma. Other equivalents include the axiom of choice, and that cardinal numbers
can be linearly ordered.

Remark 2.2.8. Every free vector space has a basis. Therefore there exists vector spaces
of arbitrary dimensions even without assuming Zorn’s lemma.
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Theorem 2.2.9 (Basis is linearly independent and generating). Let V' be a vector
space over ', and B C'V. Then B is a basis if and only if B is linearly independent and
generates V.

Proof. Let B = {b;}ic; C V, and assume B is a basis. Then B is linearly independent by
definition. Suppose B does not generate V; then there exists v € V' \ span(B). Consider
the equation

av+ > b =0, (2.2.9)

el

where a« € F, and 8 € FI. I a # 0, then v can be solved in terms of B, which
contradicts v not being in the span of B. Therefore o = 0. Since B is linearly independent,
B = 0. Therefore {v} U B is linearly independent, which contradicts the maximality of
B. Therefore B generates V. Assume B is linearly independent and generates V. Then
any v € V can be solved in terms of B, and so {v} U B is linearly dependent. Therefore
B is maximal. O]

Theorem 2.2.10 (Linear independence is equivalent to unique coordinates).
Let V' be a vector space over F, and B = {b;}ic; C V. Then B is linearly independent if

and only if for each v € span(B) there exists a unique o € F! such that v =73, ; a;b;.

Proof. Assume B is linearly independent. Since v € span(B), there exists a € FI such

that
v=>_ ab (2.2.10)

Suppose there exists 3 € FI such that

v="> B (2.2.11)

el

By subtraction, it then follows that

Z(ai — Bi)bi = 0. (2.2.12)
iel
Since B is linearly independent, a = 3. Therefore « is unique. Assume that for each

v € span(B) there exists a unique o € F7 such that v = ), ; a;b;, and consider the
equation

> aibi =0. (2.2.13)
iel
Since a = 0 is a solution to this equation, and that solution is unique, necessarily a = 0.
Therefore B is linearly independent. O]

Theorem 2.2.11 (Image and kernel are subspaces). Let V' and W be vector spaces
over F, and f : V — W be linear. Then f(V) is a subspace of W, and f~1{0} is a
subspace of V.

14



Proof. Let x,y € V, and o, € F. Then
af(z)+Bf(y) = flax + By) € f(V). (2.2.14)
Therefore f(V') is a subspace of W. If in addition f(x) =0 and f(y) = 0, then

J¥ax4—ﬁy)ii§f@ﬂ+—ﬁf@0 (2.2.15)
Therefore f~1{0} is a subspace of V. O

Theorem 2.2.12 (Rank-nullity theorem). Let V' and W be vector spaces, and f :
V. — W be linear. Then

dim(V') = dim(f(V)) + dim(f~'{0}). (2.2.16)

Proof. Let A = {a;}ier C W be a basis of f(V), and B = {b;}jc; C V be a basis of
f7H0}. Let C = {ci}ier C V be such that f(c;) = a;, for alli € I, and x € V. Since A
generates f(V), there exists o € F!, such that
flz) = Zaiai. (2.2.17)
iel

Then

icl il
@)=Y o (2.2.18)
i€l
= 0.
and therefore z — Y, ;a;¢c; € f~1{0}. Since B generates f~'{0}, there exists 3 € ﬁ,
such that
T — Z o;c; = Z B;b;. (2.2.19)
icl jed
Therefore
=Y aici+ Y B, (2.2.20)
il jed

and B U C generates V. Consider the equation
> i+ Biby = 0. (2.2.21)
iel jeJ

Then

f <Z o;C; + Zﬂj@‘) = Zaif(ci)

el jeJ il
(2.2.22)
el

=0.
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Since A is linearly independent, & = 0. Since B is linearly independent, 5 = 0. Therefore
C' U B is linearly independent, and a basis of V. Then

dim(V) = |C' U B|

=[] +1B
4 +1B] (2.2.23)
= dim(f(V)) + dim(f~'{0}).

O

Theorem 2.2.13 (Subset of a linearly independent set is linearly independent).
Let V' be a vector space over F', A, B C V be such that B is linearly independent, and
A C B. Then A is linearly independent.

Proof. Let B = {b;}ier C V, and A = {b;};e; C B. Consider the equation
> ajb; =0, (2.2.24)
jet
where a € FJ. This equation is equivalent to
D abi+ > 0b;=0. (2.2.25)
jeJ iel\J
Since B is linearly independent, o = 0. Therefore A is linearly independent. O

Theorem 2.2.14 (Superset of a generating set is generating). Let V' be a vector
space over F', A, B CV be such that B generates V', and B C A. Then A generates V.

Proof. If A = B, then the result holds trivially. Assume A # B. Holding the coefficients
of A\ B zero, we see that span(B) C span(A). Since span(B) =V, span(A) = V. O

Theorem 2.2.15 (Superset of a basis is not linearly independent). Let V' be a
vector space over F', A, B C 'V be such that B is a basis of V., and A 2 B. Then A is
linearly dependent.

Proof. Suppose A is linearly independent. Then B is not a maximal linearly independent
set; a contradiction. Therefore A is linearly dependent. O]

Theorem 2.2.16 (Subset of a basis is not generating). Let V' be a vector space over
F, A, B CYV be such that B is a basis of V., and A C B. Then A does not generate V.

Proof. Theorem 2.2.13 shows that A is linearly independent. Suppose A generates V.
Then Theorem 2.2.15 shows that B is linearly dependent; a contradiction. Therefore A
does not generate V. O

Theorem 2.2.17 (Vector-space-isomorphic is equivalent to equal dimensions).
Let V' and W be vector spaces over F. Then V and W are isomorphic if and only if
dim(V') = dim(W).
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Proof. Assume V and W are isomorphic. Let f : V' — W be a bijective linear function,
and B = {b;}ic; C V be a basis of V. Let a € F!, and consider the equation

}:aJ®0:f<§:%@> (2.2.26)

iel iel
=0.
Since f is bijective, this holds if and only if
iel
Since B is linearly independent, o« = 0. Therefore f(B) is linearly independent. Since f
is surjective, f(B) generates V. Therefore f(B) is a basis of W, and dim(V') = dim(W).

Assume dim(V) = dim(W). Let B = {b;};e;V be a basis of V, and C = {¢;}ier C W be
a basis of W. Let f:V — W be a linear function such that

f(bi) = ¢, (2.2.28)

for all ¢ € I. Consider the equation

f (Z aibi) = Z aif(bi)

i€l el
_ Z e (2.2.29)
iel

=0,

where o € FI. Since C is linearly independent, o = 0; therefore f is injective. Since C'
generates V', the second line shows that f is surjective. Therefore f is an isomorphism. [

Theorem 2.2.18 (Dimension of quotient space). Let V' be a vector space over F,
and W C V be a subspace of V.. Then dim(V/W) = dim(V') — dim(W).

Proof. Let f:V — W be a surjective linear function, and V- =W 4 U. Then W = f(V),
S0} = U, and dim(V) = dim(W) +dim(U) by Theorem 2.2.12. Since U is isomorphic
to V/W by the canonical map, dim(U) = dim(V/W') by Theorem 2.2.17. O

Theorem 2.2.19 (Vector space is isomorphic to finitely-non-zero field-sequences).
Let V' be a vector space over F', and I be a set such that |I| = dim(V'). Then V = FI.

Proof. Let B = {b;}ic; C V be a basis of V, and v € V. Since B is a basis of V, there
exists a unique o € FI, called the coordinates of v in B, such that

V=Y aib; (2.2.30)
el

Let f:V — FI be the function which sends each v € V to its coordinates in B. Then
by Theorem 2.2.10 f is injective. For each @ € F one can compute a corresponding v

by the above sum. Therefore f is surjective. Since f is also linear, F' is isomorphic to
V. ]
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Theorem 2.2.20 (Dual space is isomorphic to field-sequences). Let V' be a vector
space over F', and I be a set such that |I| = dim(V). Then V* = FI.

Proof. Let {b;}ier CV be a basis of V, and hy : I — F be such that

(i) = £(0), (2231)
for all f € V*. Let ¢ : V* — FI be such that
o(f) = hy. (2.2.32)

Then if g € V*, and o, 5 € F,

plaf 4+ Bg)(i) = haprpy(i)
= (af + Bg)(bs)
= af(b) + Bg(bi) (2.2.33)
= ahy (i) + Bhy(i)
= (ad(f) + Bo(9))(i),

and therefore ¢ is linear. Suppose ¢(f) = ¢(g). This is equivalent to f(b;) = g(b;), for
all i € I. Let v € V. Since B is a basis, there exists o € F such that

V=Y ;. (2.2.34)
i€l
Then

flo)y=f (Z Oéﬂfz‘)

el

= Zaif(vi)

i€l

=3 i) (2.2.35)

iel

=49 (Z Oéﬂh’)
= g(v).

Therefore ¢ is injective. On the other hand, if 3 € F!, then

flv) = Z e (2.2.36)

defines a function f € V*. Therefore f is surjective, and ¢ is an isomorphism. m

Theorem 2.2.21 (Vector space and its dual space are isomorphic when finite-di-

mensional). Let V' be a vector space over F. Then V is finite-dimensional if and only
if Vv,
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Proof. Let I be a set such that |I| = dim(V). Then V = FI by Theorem 2.2.19, and
V* = FI by Theorem 2.2.20. Therefore it suffices to show that FI= FIif and only if I
is finite. Assume I is finite. Then FI = FI , and therefore V' = V*. Assume [ is infinite.
Suppose F' is finite. Then

IF| < dim<ﬁ) = |I| < dim(F"). (2.2.37)

Suppose F is infinite. Let B = {b;};c; C V be a basis of V', and g : N — I be an injective
function. Let C' = {f, € Fl}aep\{o} be such that

fuli) = {O‘j’ if j € g7 i} (2.2.38)

0, otherwise .

Let o € F*, such that o; # «;, for i # j, and consider the equation

k
> Bifa, =0. (2.2.39)
i=1
By construction, this implies that for every m € N we have
k
> Bl =0. (2.2.40)
i=1

Considering the first £ such equations, we get a matrix equation of the form

al ... ool |/ 0
=1 (2.2.41)
Oélf . Oéllz Bk 0

The coefficient matrix is a Vandermonde matrix, whose determinant is non-zero, since
a; # a;, when i # j. Therefore § = 0 is the only solution, and {fa,,..., fa,} C V*is
linearly independent. It follows that C'is linearly independent, and |F| = |C| < dim(F I )
Therefore, whether |F| is finite or infinite,
|[F'| = dim(F")|F|
= max(dim(F"), |F|) (2.2.42)
= dim(F").
It follows that
dim(ﬁ> — 1|
< 2‘I|
<| F|II \
= dim(F I )

(2.2.43)

Therefore FI is not isomorphic to F'X by Theorem 2.2.17. O
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Theorem 2.2.22 (Solvability is linear dependence). Let V' be a vector space over
F,and S C V. Then S is linearly dependent if and only if there exists v € S such that

v € span(S \ {v}).

Proof. Let S = {v;}ie; C V. If S is empty, then the result holds; assume S is not empty.
Assume S is linearly dependent. Then there exists a € FI\ {0} such that

> aw; =0. (2.2.44)

el

Since some o # 0, we may solve

Vj = —— Qa,; ;. (2245)

Therefore v; € span(S \ {v;}). Assume v; € span(S \ {v;}). Then there exists a € FI\G)

such that
vi= Y o (2.2.46)
ie\{j}
This can be rewritten as
vj — Z a,;v; = 0. (2.2.47)
iel\{j}
Since the coefficient of v; is non-zero, S is linearly dependent. n

Theorem 2.2.23 (Introducing linear dependence is being in span). Let V be a
vector space over F', B CV be linearly independent, and v € V. Then

v € span(B) < {v} U B is linearly dependent. (2.2.48)

Proof. Let B = {b;}ic;r C V. Assume v € span(B). Then Theorem 2.2.22 shows that
{v} U B is linearly dependent. Assume {v} U B is linearly dependent, and consider the
equation

av+ Y Bib =0, (2.2.49)

where v € F', and § € FI fa= 0, then the linear independence of B implies § = 0.
Therefore {v} U B is linearly independent; a contradiction. Therefore av # 0. But then

we may solve
v = ' <_E> b;. (2.2.50)
i€l

Therefore v € span(B). O

Remark 2.2.24. The vectors in a free vector space on X represent formal finite linear
combinations of the elements of X.
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2.3 Bilinear spaces

Let V be a vector space over the field F'. A bilinear form in V is a function - : V2 — F
which is linear in both arguments. A bilinear space is a vector space V over the field
I together with a bilinear form in V. A bilinear form in V', and the V itself, is called

e symmetric, if Ve,y e V:v.-y=y-x,
e skew-symmetric, if Ve,y e V:zv.-y=—y-x,
e alternating, if Vx € V:z -2 =0, and
o reflexive, if Ve,y eV :z-y=0&y-z=0.
The left-radical of a bilinear form in V', and of V, is the subspace
rad (V) ={ueV:YweV v -u=0}, (2.3.1)
and the right-radical of a bilinear form in V', and of V, is the subspace
radg(V)={ueV:YoeV :iu-v=0} (2.3.2)

If the left-radical and the right-radical are equal, we may simply speak of the radical of
a bilinear form in V, and of V, and denote it by rad(V’). A bilinear form in V', and V'
itself, is called left-non-degenerate on S C V' if

rad, (V) NS = {0}, (2.3.3)
right-non-degenerate on S if
S Nradg(V) = {0}, (2.3.4)

and non-degenerate on S if it is both. A subset S C V is called null, if v-v = 0 for all
v € S, and orthogonal if
u-v=0=wv-u, (2.3.5)

for all u,v € S such that u # v. Let U, W C V be subspaces of V. The orthogonal of
U on W is defined by

UW={weW:VuelU:u-w=0=w-u}. (2.3.6)

The orthogonal sum V LW of two bilinear spaces V' and W is the direct sum of V' and
W as vector spaces, together with the bilinear form (V LW)? — F such that

(Ul + wl) . (Ug + UJQ) = V1 * V2 + wi + Wy, (237)

where v1,v9 € V', and wy,ws € W. Let W be a bilinear space over F. A linear function
f:V — W is called orthogonal function if

fu)- f(v)=u-wv, (2.3.8)

for all u,v € V. The orthogonal functions are the homomorphisms of bilinear spaces.
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Remark 2.3.1. We overload the notation - to mean different bilinear forms in different
bilinear spaces. The used arguments reveal which bilinear form is in question.

Theorem 2.3.2 (Radical decomposition). Let V' be a bilinear space over F. Then
there ezists a left-non-degenerate subspace W C V' such that V= W Lrady (V).

Proof. Let B C rad(V) be a basis of rad(V), and C' C V be a basis of V' such that
B c C. Let W = span(C'\ B). Then V = W lrad(V). Let w € rad(W), v € V, and
U =rad(V). Then

WV =WV +W- Uy
=w- vy (2.3.9)
=0,

since w € rad(W). Therefore w € rad(V). Since also w € W, w = 0. Therefore W is
non-degenerate. O

Theorem 2.3.3 (An orthogonal non-null set is linearly independent). Let V' be
a reflexive bilinear space over F, and B C V be an orthogonal set of non-null vectors.
Then B is linearly independent.

Proof. Let B = {b;};c;, and o € FI. Then for j € I,

Zaibi =0

el
i€l
i€l
:>Oéj(bj . b]) =0
=a; = 0.

(2.3.10)

Therefore B is linearly independent. ]

Example 2.3.4 (Orthogonal linearly dependent set). Let - be a reflexive bilinear
form in V, char(F) # 2, and B = {b,b+ b} C V such that b is null, and b # 0. Then B
is an orthogonal set, but not linearly independent. Therefore, if B = {b,...,b,} C V is
an orthogonal set of n vectors, some of which are null, then B may or may not be a basis
for V.

Remark 2.3.5 (Linear independence does not depend on the bilinear form).
The definition of linear independence does not depend on the bilinear form. Therefore
the converse of Theorem 2.3.3 does not hold; a linearly independent set may contain
null vectors (but never 0). Actually, as Theorem 2.4.6 shows, if the bilinear form is
degenerate, then the radical needs to be spanned by null vectors. But even if the bilinear
form is non-degenerate, but indefinite, null-vectors may still exist and be part of a linearly
independent set.
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Theorem 2.3.6 (Non-degenerateness by subspaces). Let V' be a reflexive bilinear
space, and let UW C V' be subspaces of V', such that V.= U1W. Then V is non-
degenerate if and only if U and W are non-degenerate.

Proof. Assume U and W are non-degenerate. Let v € rad(V). Then v = vy + vy, for
some vy € U, and vy € W. Let u € U. Then

U-V=U-Vy+u-ow
=u-vy (2.3.11)
=0,

since v € rad(V). Therefore vy € rad(U). Since U is non-degenerate, vy = 0. By the
same argument for W, vy, = 0. Therefore v = 0, and V' is non-degenerate. Assume V is
non-degenerate. Let u € rad(U), and v € V. Then

U-V=U-Vy+Uu-vw
=u-vy (2.3.12)
:07

since u € rad(U). Therefore v € rad(V). Since V' is non-degenerate, u = 0, and U is
non-degenerate. By the same argument for W, W is non-degenerate. O

Theorem 2.3.7 (Polarization identity). If the bilinear form - is symmetric, and
char(F') # 2, then

vy =l ) @y~ —y)- -y (23.13)
Proof. By bilinearity,

(@+y)-(@+ty)=z-z+z-y+y-z+y- vy,

(2.3.14)
(—y)-@—y)=z-2-—z-y—y r+y-y
Subtracting the second row from the first row gives
(+y) (z+y)—(z—y) (@—y) =20 y)+2y- ) (2.3.15)
Since the bilinear form is symmetric, and 2 is invertible, the result holds. n

Remark 2.3.8 (Quadratic forms correspond mostly to symmetric bilinear forms).
The polarization identity can also be written in other equivalent forms, but this one
has perhaps the most symmetric form. In particular, this theorem shows that, when
char(F') # 2, the quadratic forms and the symmetric bilinear forms represent the same
concept. We choose to use the symmetric bilinear forms, because their bilinearity makes
them more comfortable to use in derivations.

Theorem 2.3.9 (All null is equivalent to trivial when non-degenerate). Let V' be
a non-degenerate symmetric bilinear space over F, with char(F') # 2. Then every vector
i V' ois null if and only if V' is trivial.
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Proof. Assume every vector in V' is null. Then Theorem 2.3.7 shows that z -y = 0, for
all ,y € V. Therefore rad(V') = V. Since V is non-degenerate, V' is trivial. Assume V
is trivial. Since 0 € V is null, every vector in V' is null. O]

Theorem 2.3.10 (Alternating-symmetric decomposition for bilinear forms).
Let V' be a bilinear space over F', with char(F') # 2. Then a bilinear form in 'V is a sum
of an alternating bilinear form and a symmetric bilinear form.

Proof. Let
©: V2o F:x0y = %[(xy)—i—(yx)], and (2.3.16)
0 V2 Fizoy = %[@:.y)—(y.x)]. (2.3.17)

Then z-y = (r®y)+ (xSy), and both & and & are bilinear. Now & is symmetric and &
is skew-symmetric. Since char(F') # 2, skew-symmetry is equivalent to alternation. [

Theorem 2.3.11 (Reflexive is equivalent to symmetric or alternating). A bilinear
form is reflexive if and only if it is symmetric or alternating.

Proof. The following proof is from the book Characters and groups by Larry C. Grove.
Reflexivity is equivalent to

Vu,v,w €V : (u-v)(w-u)= (v-u)(u-w). (2.3.18)
Taking u = v, it follows that
Vo,w eV :(v-v)|w-v—v-w]=0. (2.3.19)
We would like to to show that this implies alternation or symmetry:
VoeV:iv-v=0o MoyweV:w-v—v-w=0]. (2.3.20)
Assume this does not hold. Then
[FyeV:y-y#0and Br,z €V :x-2—z- -2 #0]. (2.3.21)

The equation 2.3.19 holds in particular for combinations of z, y and z:

(x-2)z-x—2-2] = 0, (2.3.22)
(z-2)[x-z—2-2] = 0, (2.3.23)
W-yle-y—y-a] = 0, (2.3.24)
W-ylz-y—y-2] = 0 (2.3.25)
These equations imply that
r-x = 0, (2.3.26)
z-z = 0, (2.3.27)
vy = y-u, (2.3.28)
Zoy = Y-z (2.3.29)



Substitute u = x, v = y, and w = z in equation 2.3.18. Then

(z-y)(z-2) = (y-2)(r-2)

(2.3.30)
(2.3.31)
(2.3.32)
(2.3.33)
(2.3.34)

2.3.35
2.3.36

2.3.38

=
(x-y)lz-x—x-2] = 0
=
-y = 0,
since x-y=y-x,and z-x —x -z # 0. Substitute u = z, v = y, and w = x in equation
2.3.18. Then
(z-y)(x-2) = (y-2)(z-2)
=
(z-yr-z—2z-2] = 0
=
z-y = 0,

(2.3.35)
(2.3.36)
(2.3.37)
(2.3.38)
(2.3.39)

2.3.39

since z-y=y-2, and z-x — x -z # 0. Summarizing our results thus far, we have found

out that for the z, y, and z of equation 2.3.21, it holds that

”

8 e 8 < 8
ISTE SIS G S NSO
NN e O o O

8oy
I

Now

r-(y+2) = v-y+x-z=1x-2
(y+2)-2 = y-x+z-x=2z2-

By equation 2.3.21,
r-(y+z)—(y+z) 70
Choose v =y + z and w = z in equation 2.3.19. Then

(+2)- (+2)r-(y+2)—(y+z2)-1 =

+z)-(y+z) =
On the other hand,

(y+z)-(y+2) = yyty z+z-ytz-z

= y-y#0,

(2.3.49)
(2.3.50)
(2.3.51)

(2.3.52)
(2.3.53)

a contradiction. Thus equation 2.3.20 holds. Therefore - is symmetric or alternating. [J
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Remark 2.3.12. Reflexivity seems like a natural property to require from a bilinear
form. Therefore, if we are to choose a reflexive bilinear form, then by Theorem 2.3.11 the
choice is between a symmetric bilinear form or an alternating bilinear form. Symmetry
and alternation are a recurring theme in geometry. In general, symmetry encodes lengths
and angles, while alternation encodes volume and linear independence.

Theorem 2.3.13 (Orthogonal complement is a subspace). Let V' be a reflexive
bilinear space over F, and S C V be a subspace of V. Then S™ is a subspace of V.

Proof. Let o, B € F, z,y € SV, and z € S. Then

- (ar 4 By) = alz ) + Bz 1) -
= 0.
Therefore S™ is a subspace of V. O

Theorem 2.3.14 (Double orthogonal complement is monotone). Let V' be a re-
flexive bilinear space over F', and S CV be a subspace of V. Then

S c sV, (2.3.55)
Proof. Now
ze sV
aVye SV ir.y=0
SYyeV: (y eSSV sy = O) (2.3.56)
sVyeV:(VzeS:zy=0)=z-y=0)
<xr e S
O

Example 2.3.15. In general, equality does not hold in Theorem 2.3.14. In particular, if
V =rad(V) + W, for some non-degenerate subspace W C V, and rad(V) is not trivial,
then WV = rad(V), and W' = V.

Remark 2.3.16. For completeness, we could define the orthogonal quotient as follows.
Let W C V be a subspace of the bilinear space V, such that V = W1W"V. The
orthogonal quotient V /W is the quotient space of V and W as vector spaces, together
with the bilinear form (V/W)? — F such that

(Ul + W) . (UQ + W) = U7y " U9, (2357)

where and u;,uy € W'V, Since then V/W = W'V the notion is not so useful; we can
use W'V directly. Alternatively, the orthogonal complement can be thought of as the
orthogonal quotient.
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2.4 Finite-dimensional bilinear spaces

Finite-dimensional bilinear spaces are of special interest, because for them we can prove
intuitive theorems for the behaviour of the orthogonal complement. The source of these
theorems relies on the isomorphy of the vector space with its dual, given in the Theorem
2.2.20.

Theorem 2.4.1 (Left-non-degenerate is right-non-degenerate when finite-di-
mensional). Let V' be a finite-dimensional bilinear space over F. Then V is left-non-
degenerate if and only if it is right-non-degenerate.

Proof. By the characteristic property of tensor products, the vector space B of bilinear
forms in V' is isomorphic to (V® V). Let f : B — (V®V)" be an isomorphism of
vector spaces. Then

Jv e V\{0}:verady(V)
SFTeV\{0}:VueV:iu-v=0
I eV \{0}:VueV: f()(u®v)=0
< f(+) is not invertible.

(2.4.1)

Similarly one shows radg(V’) non-trivial if and only if f(-) is not invertible. Therefore
radz (V') is non-trivial if and only if radg(V) is non-trivial. TODO: not sure of the
second-to-last line. O

Remark 2.4.2. Theorem 2.4.1 shows that in finite-dimensional bilinear spaces the con-
cepts of non-degenerate, left-non-degenerate, and right-non-degenerate coincide, even if
the bilinear form isn’t reflexive.

Theorem 2.4.3 (Riesz representation theorem for bilinear spaces). Let V' be a
left-non-degenerate bilinear space over F. Then V is finite-dimensional if and only if

Vi ={¢p,: V= F:¢,(x) =2 v}pey. (2.4.2)
Proof. Let f:V — V* be such that
fw) = . (2.4.3)

Then f is linear, since

flax + By)(2) = dasrpy(2)

=z (az + Py)

=a(z-z)+B(zy)

= ag(z) + Boy(2)

= af(z)(z) + £f(y)(2)

= (af(x) + Bf(y))(2),
for all z,y,z € V, and o, 8 € F. Now ¢, = 0 if and only if v € rad; (V). Since V is
left-non-degenerate, rady (V') = {0}. Therefore f~1{0} = {0}, and f is injective. Since f
is trivially surjective to f(V), f(V) = V. Then f(V) = V* if and only if V = V*, which
is if and only if V' is finite-dimensional by Theorem 2.2.21. O

(2.4.4)
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Remark 2.4.4. In Theorem 2.4.3 a similar proof works for the right-non-degenerate case.

Theorem 2.4.5 (Orthogonal basis exists when finite-dimensional and non-de-
generate). Let V' be a finite-dimensional non-degenerate symmetric bilinear space over
F, with char(F) # 2. Then V' has an orthogonal basis of non-null vectors.

Proof. 1f V is trivial, then the claim is vacuously true; assume V' is not trivial. Since V is
non-degenerate, there exists v € V such that v-v # 0 by Theorem 2.3.9. Let S = span(v).
If S =1V, then we are done. Assume S # V, and let f : V' — S be such that

flz) = —o. (2.4.5)

The restriction of f to S'is the identity; therefore the restriction is orthogonal. In addition,
f(V)y=S8, f71{0} = S", and f is linear and surjective. Now

dim(V) = dim(S) + dim(5"") = dim(S + 5") (2.4.6)

by Theorem 2.2.12, and V = S + S"V by Theorem 2.2.17. Since in addition S and
SV are orthogonal by construction, V = S1S"V. S and S"V are both non-degenerate
by Theorem 2.3.6. By induction there exists an orthogonal basis B C SV of non-null
vectors. By construction, {v} U B is then an orthogonal basis of non-null vectors. [

Theorem 2.4.6 (Orthogonal basis exists when finite-dimensional). Let V' be a
finite-dimensional symmetric bilinear space over F, with char(F) # 2. Then V has an
orthogonal basis B U C C V such that span(B) = rad(V'), and the vectors in C are
non-null.

Proof. There is a non-degenerate subspace W C V such that V' = W _Lrad(V) by Theo-
rem 2.3.2. Let B C rad(V) be any basis of rad(V'); then B is automatically orthogonal.
There is an orthogonal non-null basis C' C W of W by Theorem 2.4.5. By construction,
B U (' is then an orthogonal basis of V. n

Theorem 2.4.7 (Orthogonal decomposition). Let V be a finite-dimensional non-
degenerate symmetric bilinear space over F, and S C V be a subspace of V. Then
V =2 S1S™V if and only if S is non-degenerate.

Proof. Assume V = S18". Then S is non-degenerate by Theorem 2.3.6. Assume S
is non-degenerate. Let A C V be a non-null orthogonal basis of S, and B C V be a
non-null orthogonal basis of V', such that A C B; they exist by Theorem 2.4.5. Since for
all v € A it holds that v-v # 0, v ¢ S"V. Therefore SN S"Y = {0}. On the other hand,
by construction every element of B\ A is orthogonal to every element of S. Therefore
SV =span(B\ A), and V = S 15", O

Example 2.4.8. Let V = R? with the non-degenerate symmetric bilinear form

(T1,91) * (T2, Y2) = 2172 — Y1y (2.4.7)

Then S = span((1,1)) is a degenerate subspace of V, and SV = S.
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Theorem 2.4.9 (Non-degenerateness by orthogonal complement). Let V be a
finite-dimensional non-degenerate symmetric bilinear space over F, and S C V be a
subspace of V.. Then SV is non-degenerate if and only if S is non-degenerate.

Proof. S is non-degenerate if and only if V' = S_1.S"V by Theorem 2.4.7. This is equivalent
to S and S™ being non-degenerate by Theorem 2.3.6. O

Theorem 2.4.10 (Double orthogonal complement is identity when finite-di-
mensional, non-degenerate, and symmetric). Let V be a finite-dimensional non-

degenerate symmetric bilinear space, and S C V be a subspace of V.. Then S = SV
q Yy pace, Y4
and only if S is non-degenerate.

Proof. Assume S is non-degenerate. Then

S1S"V a2y gtV gV (2.4.8)

by Theorem 2.4.7. It follows that
dim($) + dim($") = dim($"V) + dim ($™"") (2.4.9)
by Theorem 2.2.17. Therefore dim(s'W‘W) = dim(S), and S = SV by Theorem

2.2.17. Therefore S = SV Assume S = SV and let v € rad(S). Then v € S5 C
SV and also v € S = STV Therefore v € S N ST, TODO. H

2.5 Real bilinear spaces
Let V' be a bilinear space over R. A bilinear form in V', and the V itself, is called
e positive-definite, if Vo € V' \ {0} : z- 2 > 0,
e negative-definite, if Vo € V' \ {0} : -2 <0,
e definite, if it is either positive-definite or negative-definite,
e positive-semi-definite, if Vo € V' \ {0} : -2 > 0,
e negative-semi-definite, if Vx € V' \ {0} : 2 -2 <0,
e semi-definite, if it is either positive-semi-definite or negative-semi-definite,

e indefinite, if it is not semi-definite, and

fulfilling the Cauchy-Schwarz inequality , it Vo,y € V : (z-y)* < (z-z)(y - y).

If V' is symmetric, then an orthogonal basis B = {b; };c; C V of V is called orthonormal
if b; -b; € {—1,0,1}, for all i € I. Let p,q,r € N, and n = p+ ¢+ r. Then RP?" is the
vector space R™ over R, together with a symmetric bilinear form - : R x R® — R for
which
L, if 1 <i<p,
eire; =1 —1, ifp<i<p—+gq, and
0, itp+g<i<p+q+r,

where e; is the i:th standard basis vector of R”. We denote RP? = RP:4.0,
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Example 2.5.1. An inner product in V is a real positive-definite symmetric bilinear
form in V.

Theorem 2.5.2 (Orthonormal basis exists when finite-dimensional and sym-
metric). Let V' be a finite-dimensional symmetric bilinear space over R. Then V has an
orthonormal basis. If V' is non-degenerate, then the basis can be chosen non-null.

Proof. There exists an orthogonal basis C' = {¢;}ie; of V' by Theorem 2.4.6. Let B =
{bi}ier CV be such that

#7 if Ci - G 7£ 07
b; = { Vleicil (2.5.1)
C;, if C; - C; =0.

for all € I. Then B is an orthonormal basis of V. If V' is non-degenerate, then C' can
be chosen non-null by Theorem 2.4.6, making B a non-null orthonormal basis of V. [

Theorem 2.5.3 (Null is in radical when finite-dimensional, symmetric and
semi-definite). Let V be a finite-dimensional symmetric semi-definite bilinear space
over R, andv € V. Then v-v =0 if and only if v € rad(V).

Proof. Assume v € rad(V). Then in particular v - v = 0. Assume v -v = 0. There
exists an orthonormal basis B = {b; };c; of V' by Theorem 2.5.2. Since V' is semi-definite,

b;-b; € {0,1}, for alli € I. Let u € V. Since B generates V', there exists unique o, § € F!

such that
u = Z O{ibi,
i€l
(2.5.2)
vV = Z ﬁjbj-
jeI
Then

veoo =Y Bi(b; - by). (2.5.3)

jeI

Since v - v = 0, it holds that either 3; = 0, or b; - b; = 0, for all j € I. Now

u-v= ZZO&ZBJ([)Z b])

iel jel
— Z o Bi(b; - by) (2.5.4)
iel
= 0.
Therefore v € rad(V). O

Theorem 2.5.4 (Cauchy-Schwarz is equivalent to semi-definitiness when finite-di-
mensional and symmetric). Let V' be a finite-dimensional symmetric bilinear space
over R. Then the Cauchy-Schwarz inequality holds if and only if V' is semi-definite.
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Proof. Assume the Cauchy-Schwarz inequality holds but that V' is indefinite. Then there
exists z,y € V such that z-x > 0 and y -y < 0. Then (x-y)? < (z-z)(y - y) does
not hold since the left-hand side is non-negative and the right-hand side is negative;
a contradiction. Therefore V is semi-definite. Assume V' is positive-semi-definite; the
proof for the negative-semi-definite case is similar. If y-y = 0, then x -y = 0 by Theorem
2.5.3, and the Cauchy-Schwarz inequality holds. If y - y # 0, then the Cauchy-Schwarz
inequality can be modified to the following equivalent form:

VyeV iz o) < |z -z,

where x| = %y is the orthogonal projection of x to y, and x, = x — x| is the rejection
of z from y. Then

T < p) w2y
= C(Z”-:L‘H—I—ZZL‘L-ZE”%—JZL-ZL‘L
= (z)+zL) () +z1)

= z-ux,

where we used the fact that z-2, = 0. Since V' is positive-semi-definite, |z -z| < |z-z|.
Therefore the Cauchy-Schwarz inequality holds. n

Example 2.5.5. The bilinear form in R”%" is positive-definite if p = n, negative definite
if ¢ = n, positive-semi-definite if ¢ = 0, negative-semi-definite if p = 0, indefinite if both
p > 0 and ¢ > 0, and non-degenerate if r = 0.

Theorem 2.5.6 (Finite-dimensional bilinear spaces can be implemented on a
computer). Let V be a finite-dimensional symmetric bilinear space of signature (p, q,r)
over R. Then V is isomorphic to RP4",

Proof. Let n = dim(V'). There exists an orthonormal basis B = {b,...,b,} C V by
Theorem 2.5.2. This basis can be reordered such that

1, if 1 <i <p,
bi-bi=< -1, ifp<i<p-+gq, and
0, ifp+g<i<p+q+r.

Let ¢ : V — RP?" be a linear function such that Vi € [1,n] : ¢(b;) = e;, where e; € R™ is
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the 7:th standard basis vector. Then ¢ is bijective, linear, and

o) o $0)
= (Z xiﬁb(bz’)) : (Z ngb(bj))

— (2 xe) : (;wej> (2.5.9)

p+q

p
= inyi - Z TilYi
i=1

i=p+1

(5 (5)

=x-y.
Therefore V' is isomorphic to RP?" as a bilinear space. ]

Remark 2.5.7. By Theorem 2.5.6, for computational purposes we may always concen-
trate on RP?" without loss of generality, rather than on an abstract real vector space V
with a symmetric bilinear form of signature (p, q,7).

2.6 Tensor product

Let {V;}icr be a set of vector spaces over I, U; be the free vector space on V;, and
W =@,.; Ui Let S C W be a subspace of W defined by

S:{fEW:WeI:Zfi(v)vzo}. (2.6.1)

veV;

Then the tensor product of {V;};c; is defined by

Q) Vi =wys. (2.6.2)

el

When I = (), the tensor product is defined to be F. In the common case where V; = V for
all i € I, the tensor product is denoted by V®!, and called the I-fold tensor product.
The elements of V%! are called I-vectors.

Remark 2.6.1 (Intuition for the tensor product). The free vector space U; contains
finite linear combinations f; € U; of the elements of V;, encoded such that f;(v) gives
the weight of the element v € V;. The linear combination f; represents the element
> ey, filv)v € V;, which is valid since f; is non-zero only at finitely many positions. If
f,g € W and f; — g; represents the zero vector for all i € I (that is, f — ¢ € S), then f
and g represent the same vector in @, _; V;. These linear combinations are identified by
the quotient W/S.
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Remark 2.6.2 (Notation for the tensor product). Being a quotient vector space,
the elements of the tensor product are equivalence classes. Notationally, however, we will
work with their class representatives instead. We will demonstrate the notation for the
tensor product U ® V| where U and V' are vector spaces over R. Let [f] = [(fu, fv)] €
U ® V', where the brackets denote the equivalence class of the class representative. Each
linear combination is written as an explicit sum, as in fy ~ 2u; — 4ug, and fyy ~ v,
where uy,uy € U, and v € V. We group the linear combinations f;; and fy together by
juxtaposition, as in f = (fy, fv) ~ (2u; — 4us)v. Finally, we leave out the equivalence
class brackets. It then makes sense to write an equation such as

(2uy — 4us)v = 2uyv — dusv. (2.6.3)

This is similar to the use of rational numbers, where one writes equations of the form
1/1=2/2.

Remark 2.6.3. The tensor product of a single vector space V' is isomorphic to V.

Example 2.6.4. The elements of V®? are called 2-vectors.

2.7 Algebras

An algebra over a field, from now on simply an algebra, is a vector space V over F
together with a bilinear function ® : V2 — V, called the product in V. The product is
usually denoted by juxtaposition. The algebra, and the product, is called

e associative, if Vz,y,z € V : (zy)z = z(yz2),
e commutative, if Vr,y € V : xy = yx,
e unital, if dey € V : Vo € W : egx = x = zey, and

The element eq above, it it exists, is called the identity element of V. If for elements
x,y € V, with z # 0, there exists a unique element r;, € V such that y = rp z and a
unique element rz € V such that y = xrg, then V is called a division algebra. Let V be
an associative unital algebra. If for an element z € V' there exists an element y € V' such
that zy = yx = e, then y is called an inverse of x. For any algebra V', a sub-algebra of
V' is a subspace of V' which is closed under the product operation. Let W be an algebra
over F'. The external direct sum V & W of algebras V' and W is the external direct
sum of V and W as vector spaces, together with the product (V& W)? — V& W defined
by (v1, ws)(vg, wa) +— (vivg, wiwy), for all vy,v; € V, and wy,ws € W. The internal
direct sum of sub-algebras is defined similarly. The tensor product of algebras is
the tensor product of vector spaces, together with a bilinear product which applies the
component products element-wise, e.g. (u1 @ v1)(us @vs) — (u1u2) ® (v1v2). An algebra
homomorphism is a linear function f : V' — W which preserves multiplication, i.e.

flxy) = f(@)f(y), (2.7.1)

for all x,y € V. The set of algebra homomorphisms from V to W is denoted by
Hom(V, W). If algebras V and W are unital, then an algebra homomorphism is also
required to preserve the identity element, i.e. if f € Hom(V, W), then

fle”) = eg". (2.7.2)
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An algebra anti-homomorphism is a linear function f : V' — W which preserves
multiplication, but reverses its order, i.e.

flzy) = fy)f(2), (2.7.3)
for all z,y € V.
Example 2.7.1. A field is a commutative division algebra over itself.

Theorem 2.7.2 (Identity element is unique in an algebra). If an algebra W has
an identity element e € W, then it is unique.

Proof. Assume eq, e;, € W are both identity elements of W. Then
€y = €yeo = €.
O

Theorem 2.7.3 (Inverses are unique in an associative unital algebra). In an
associative unital algebra W, inverses are unique.

Proof. Assume y,1y’ € W are both inverses of x € W. Then

y =9y (vy) = (Yr)y =y.
O

Theorem 2.7.4 (Division algebra for associative unital algebras). An associative
unital algebra W is a division algebra if and only if every element in W \ {0} has an
muerse.

Proof. Assume W is a division algebra, and z € W\ {0}. Then in particular there exists
unique rp,rg € W such that eg = rpx = xrg. Thus

rp, =rp(xrg) = (rpx)rgr = rg,

and 27! = r;, = rg. Therefore every element in W \ {0} has an inverse. Assume every

element in W \ {0} has an inverse, and let x,y € W, with z # 0. Then y = y(z~'z) =
(yz™')z and y = (xz~!)y = x(z'y). Since by Theorem 2.7.3 inverses are unique in W,
so are yz~ ! and ™ 'y. Therefore W is a division algebra. O

Theorem 2.7.5 (Sum of homomorphisms of unital algebras is not a homo-
morphism). Let V' and W be associative unital algebras, and f,g € Hom(V,W). Then
f+g¢& Hom(V,W).
Proof. Now

(f+9)(1)=f(1) +g(1) =1+1. (2.7.4)
Since an algebra homomorphism must preserve the identity element, this implies 1+1 = 1,

which in any field is equivalent to 1 = 0; a contradiction. Therefore f 4 ¢ is not a
homomorphism. O

Theorem 2.7.6 (Frobenius theorem). Let V' be a finite-dimensional associative division-
algebra over R. Then V is isomorphic to either R, C, or H.

Remark 2.7.7. Since Clifford algebras are finite-dimensional associative algebras, Theo-
rem 2.7.6 shows that those Clifford algebras not isomorphic to R, C, or H will necessarily
contain zero divisors.
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2.8 Tensor algebra
Let V' be a vector space over F. The tensor algebra T'(V') of V is the direct sum

(V) =PV (2.8.1)

keN

as vector spaces, together with a bilinear product T'(V) x T(V) — T(V), denoted by
juxtaposition, defined by

(al"'ak)(bl"’bl) :al"'akbl"'bla (282)

where {ay,...,ax} CV,{by,...,b} CV,and k,l € N. The elements of T'(V') are called

multi-vectors.

Remark 2.8.1 (Notation for tensor algebra). Building on the notation for tensor
products, the elements of tensor algebra are written in the form 4 + 3u — (u+ v)w, where
u,v,w € V, as is usual for direct sums. While strictly speaking there are two different
plus operators in this expression, this abuse of notation does not cause any confusion.

2.9 Magnitude

Let V' be a vector space over R. A function f:V — R is called
e positive-homogeneous, if Vo € V : Va e R: f(az) = |a|f(z),

e additive, if Vo,y € V : f(z +y) = f(z) + f(y),

sub-additive, if Vo,y € V : f(x +y) < f(z) + f(y),

convex if Ve, y e VvVt € [0,1] CR: f(1 —t)z+ty) < (1 —1t)f(x) +tf(y),
e quasi-convex, ifVz,y € V :Vt € [0,1] C R: f((1—t)z+ty) < max{f(z), f(y)}, and
e positive-definite, if Ve € V : f(z) > 0 and f(x) =0« z =0.

A semi-magnitude in V is a function f : V — R such that it is non-negative and
positive-homogeneous. A magnitude in V is a positive-definite semi-magnitude in V. A
semi-norm in V is a sub-additive semi-magnitude in V. A norm V is a positive-definite
semi-norm in V. If V is actually an algebra over R, then the f is called

e multiplicative, if Vx,y € V : f(zy) = f(x)f(y),

e sub-multiplicative, if Vz,y € V : f(zy) < f(x)f(y).
Remark 2.9.1. Sub-additivity is also known as the triangle inequality.
Remark 2.9.2. The definitions for magnitudes are my own.

Theorem 2.9.3 (Convexity is sub-additivity when positive-homogeneous). Let
f V. —= R be a positive-homogeneous function. Then f is convex if and only if it is
sub-additive.
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Proof. Assume f is convex. Then

flx+y) = 2f(0.5z + 0.5y) (2.9.1)
< 2(f(0.5x) + f(0.5y)) (2.9.2)
= [f@)+ f(y) (2.9.3)
Therefore f is sub-additive. Assume f is sub-additive. Let ¢ € [0,1] € R. Then
A=tz +ty) < f(A-1t)x)+ f(ty) (2.9.4)
= (1-t)f(z)+tf(y). (2.9.5)
Therefore f is convex. O

Theorem 2.9.4 (Convexity implies quasi-convexity). Let f : V — R be a convex
function. Then f is quasi-convex.

Proof. Assume f is convex. Let z,y € V, and ¢t € [0,1] C R. Then

fA=tz+tf(y) < A-1)f(x)+tf(y) (2.9.6)

< (T=t)max{f(x), f(y)} +tmax{f(z), f(y)} (2.9.7)

= max{f(z), f(3)}. (2.98)

Therefore f is quasi-convex. O]

Theorem 2.9.5 (Quasi-convexity implies convexity when non-negative posi-
tive-homogeneous). Let f : V. — R be a non-negative positive-homogeneous quasi-
convex function. Then f is conver.

Proof. For x,y € V, let

Then

(em) = (0975 +5t5) (299)

() e

= 1. (2.9.11)

Using positive-homogenuity and non-negativeness,

flx+y) < flx)+ f(y).

Thus f is sub-additive. By Theorem 2.9.3 this is equivalent to the convexity of f. There-
fore f is convex. O

Remark 2.9.6 (Quasi-convexity is equivalent to sub-level sets being convex).
Quasi-convexity of f : V — R is equivalent to the sub-level sets of f being convex, which
gives an intuitive understanding of a semi-norm. In general quasi-convexity of f is not
equivalent to the convexity of f; for non-negative positive-homogeneous functions f it is.
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Theorem 2.9.7 (Semi-definiteness is sub-additivity when symmetric). Let - :
V2 — R be a symmetric bilinear form, and ||-|| : V — R : ||z|| = v/|v - z|. Then - is
semi-definite if and only if ||-|| is sub-additive.

Proof. Assume - is indefinite. By indefiniteness there exists x,y € V such that z-x > 0
and y -y < 0. Now one can solve the quadratic equation ||(1 —t)x + ty|| = 0 for t € R.

The solution is

L@y Veey) = (@ o)y y)

(z+y)-(z+y) ‘

The discriminant is always positive, since (z - x)(y - y) < 0. Therefore, there are two
points a,b € V, with |ja|| = 0 and ||b|| = 0, which lie on the same line as x and y.
Either x or y is a convex combination of a and b. Without loss of generality, assume it
is x. If ||-|| were convex, it would hold that ||z|| = 0. Since this is not the case, ||| is
not convex. By Theorem 2.9.3 this is equivalent to ||| not being sub-additive. Assume
- is semi-definite. Then the Cauchy-Schwarz inequality holds by Theorem 2.5.4. By
semi-definiteness (z - z)(y - y) > 0. Now

lz+yl* = |@+y) (z+y) (2.9.12)

= |z x+2z-y+y-y (2.9.13)

< real+ 20z yl+y -yl (2.9.14)

< Jr-zl+2y/(z-2)(y-y) + |y -yl (2.9.15)

= |z 2| +2v]z-z[V]y-yl+ 1y -yl (2.9.16)

= (=l + flyl?*. (2.9.17)

Thus [|-]| is sub-additive. O

Theorem 2.9.8 (Norm from a symmetric bilinear form). Let - be a symmetric
bilinear form in R. Then ||| : V — R : ||z|| = v/|z - z| is a semi-norm (norm) if and
only if - is semi-definite (definite).

Proof. Clearly ||| is non-negative. Homogenuity is shown by
laz]|® = |(az)- (az)| (2.9.18)
= o’z x| (2.9.19)
= ||z (2.9.20)

where @ € R, and x € V. By Theorem 2.9.7, - is sub-additive if and only if it is semi-
definite. The - is definite if and only if ||-|| is positive-definite. O

2.10 Topological spaces
Let X be aset. A set Tx C P(X) is called a topology on X if

RS Ty,
e O1N0Oy € Ty, for all 01,02 €Ty,
o UiEI Oz € TX, for all {Oi}iel C TX,
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.XET)(.

A topological space is a set X together with a topology Tx on X. An element O € Tx
is called an open set of X. Let S C X. A neighborhood of S in X is an open set
Og € Tx such that S C Og. The set of neighborhoods of S in X is denoted by T'x(S). If
p € X, then we will abbreviate T'x(p) = Tx ({p}). A closed set of X is an element of

Ox = {X\U:U € Ty} (2.10.1)

The set of closed sets containing S is denoted by Cx(S). The closure of S on X is
defined by

S=[)Cx(S). (2.10.2)
A subset Bx C Tx is called a basis of X, if

Ty = {US:ScBX}. (2.10.3)

In this case we also say that Bx generates Tx. A subset Bx(p) C Tx(p) is called a
neighborhood basis at p € X, if

YO, € Tx(p) : 30, € Bx(p) : O, C O,,. (2.10.4)

Let Y be a topological space. The product space X x Y of X and Y is the set X x Y,
together with a topology generated by

Bxyy = {O xN:0 e TX,N € Ty}, (2105)

called the product topology. Let X and Y be topological spaces, f : X — Y be a
function, p € X, and y € Y. Then y is a limit of f at p, denoted lim,_,, f(z) =y, if

VO, € Ty (y) : 30, € Tx(p) : f(O, \ {p}) C O,. (2.10.6)

A function f: X — Y is called continuous at p € X, if

lim f(z) = f(p), (2.10.7)

T—p
and continuous, if it is continuous for all p € X.

Remark 2.10.1 (Being open or closed is not exclusive). Subsets of X may be open,
closed, open and closed, or neither open or closed. For example, ) and X are always both
open and closed.

Theorem 2.10.2 (Continuity by open sets). Let X and Y be topological spaces, and
f: X =Y be a function. Then f is continuous if and only if f~(O) € Tx, for all
Oely.

Theorem 2.10.3 (Continuity is local). Let X and Y be topological spaces, and f :
X — Y be a function. Then f is continuous if and only if [ is continuous at p for all
peX.
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Theorem 2.10.4 (Limit by neighborhood bases). Let X andY be topological spaces,
Bx(p) be a neighborhood basis at p € X, By (y) be a neighborhood basis at y € Y, and
f: X =Y bea function. Then lim,_,, f(x) =y if and only if

VN, € By(y) : 30, € Bx(p) : f(O,\ {p}) C N,. (2.10.8)

Proof. Assume lim,_,, f(z) =y, and let N, € By (y). Then there exists O, € Tx(p) such
that f(O,\{p}) C N,. Since Bx(p) is a neighborhood basis at p, there exists O, € Bx(p)
such that O, C O,. Now f(O, \ {p}) C N,, and the result holds. Assume the formula
holds. Let N, € Ty(y). Since By(y) is a neighborhood basis, there exists N, € By (y)
such that N) C N,. Then by the formula there exists O, € Bx(p) C Tx(p) such that
f(Op\{p}) C N, C N,. Therefore lim,_,, f(r) = y. O

Theorem 2.10.5 (Moving limit in). Let X, Y, and Z be topological spaces, p € X,
f:X =Y be such that lim,_,, f(z) =y, and g : Y — Z be continuous at y. Then

lim g(f(x)) = g(y). (2.10.9)

T—p

Proof. Let Oy, € T7(g(y)). Since g is continuous at y, there exists N, € Ty (y) such that
g(Ny) C Oyy. Since lim,_,, f(x) =y, there exists M, € T'x(p) such that f(M,\ {p}) C
N,. Therefore g(f (M, \ {p})) C Oy O

2.11 Topological vector spaces

A topological vector space is a vector space V together with a topology on V', such that
addition and multiplication are continuous functions. The continuous linear functions are
the homomorphisms of topological vector spaces.

Theorem 2.11.1 (Linear is continuous with finite-dimensional domain). Let
U be a finite-dimensional topological vector space, V' be a topological vector space, and
f:U —V be alinear function. Then f is continuous.

Theorem 2.11.2 (Continuity at a point is continuity for linear functions). Let
U and V' be topological vector spaces, and f : U — V be a linear function. Then f is
continuous if and only if f is continuous at p € U.

Proof. Assume f is continuous. Then f is continuous at p by definition. Assume f is
continuous at p, and let ¢ € U. Let Ny € Tv(f(¢)). Then Ny = Nyo+(f(p)—f(q)) €
Tv(f(p)), since addition by constant is a homeomorphism. Since f is continuous at p,
there exists O, € Ty(p) such that f(O,) C Nyyy. Then Op = O, + (¢ — p) € Ty(q) is
such that

f(Oy) = f(Op + (¢ — p))
= f(Op) + (f(q) — f(p))

(2.11.1)
C Ny + (f(q) = f(p)
= Ny(g)-
Therefore f is continuous at ¢. Since this holds for all ¢ € U, f is continuous. O
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Theorem 2.11.3 (Sum of limits is the limit of sum). Let X be a topological space, V
be a Hausdorff topological vector space over a topological field F', p € X, and f,g: X —V
be functions, such that the limit of f at p ewists, and the limit of g at p exists. Then

lim[f(z) + g(z)] = lim f(z) + lim g(z). (2.11.2)
Proof. Let w = lim,_,, f(z), and v = lim,_,, g(x). Let Ny, € Ty (u+v). Since V is a
topological vector space, addition is continuous. Therefore + *(N,,,) € Ty2. Because
of the product topology on V2, there exists N, € Ty (u), and N, € Ty (v) such that
N, x N, C +7'(N,.,). By the definition of u and v, there exists O, € Tx(p) such that

F(O,\{p}) C Ny, and g(O,\ {p}) © Ny Therefore £(0,\{p})+g(Op\ {p}) C Nyry. O

Theorem 2.11.4 (Scaling commutes with limits). Let X be a topological space, V
be a Hausdorff topological vector space over a topological field ', p € X, a € F, and
f: X =V be a function. Then the limit of f at p exists if and only if the limit of af at
p exists, and

lim af(z) = alim f(x). (2.11.3)
Proof. Assume lim,_,, f(x) exists. Let g : V' — V be such that g(u) = au. Since V' is a
topological vector space, multiplication is continuous, and then so is g. The result follows
from Theorem 2.10.5. Assume lim,_,, af (x) exists. The result holds trivially for oo = 0.
Assume a # 0. Then by the previous result

~lim(af)(2) = lim ~ (af)(z) o
= ilir;f(x) o
]

2.12 Norm spaces

A norm space is a vector space V over a normed field F', together with a norm in V.
An open ball in V is defined by

By(p.0) = {veV: Jv—p| <}, (2.12.1)
and a closed ball in V' is defined by
By(p,6)={veV:|v-p| <}, (2.12.2)

where p € V, and 6 € R. The set of open balls at p is denoted by By (p), and the set of
closed balls at p is denoted by By (p). A sphere in V is defined by

Sy(p,d) ={veV:|v—p| =0} (2.12.3)

where p € V,and 6 € R. A set S C V is called bounded, if S is contained in some (open
or closed) ball. A topology, called the norm topology, is defined on V' by generating it
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from the open balls of U. Let U be a norm space, and f : U — V be a linear function.
Then the operator norm of f is defined by

Ifll = sup Il (2.12.4)

wetn{oy |||
The f is called bounded, if || f|| < occ.

Remark 2.12.1. The open balls at p € V form a neighborhood basis at p. Thus the
notation By (p) is consistent with neighborhood bases.

Remark 2.12.2. A closed ball By (p,d) is the closure of By (p, ). Thus the notation for
closed balls is consistent with closures.

Theorem 2.12.3 (Reverse triangle inequality). Let U be a norm space over F', and
u,v € U. Then
[l = oll] < flu =l (2.12.5)

Proof. By the sub-additivity of the norm

lall = [0l = llu = v + ol = o]
< flu— o] + [[o]l — [lo] (2.12.6)
— fJu— o]l
Similarly, Jv]| — [lu]l < [|v - ul. =

Theorem 2.12.4 (Norm is continuous in a norm space). Let V' be a norm space
over F. Then the norm in V 1is continuous.

Proof. This is shown by Theorem 2.12.3. m
Theorem 2.12.5 (All finite-dimensional norms are continuous). Let V' be a finite-
dimensional norm space, and let |- ||, : V? — R be another norm in V. Then ||-|, is
continuous.

Proof. O]

Theorem 2.12.6 (Scalar multiplication is continuous in a norm space). Let V
be a norm space over F. Then scalar multiplication is a continuous function F'xV — V.

Proof. Let € € Ry, u,v € V, and o, 8 € F. We will show that scalar multiplication is
continuous at (a,u). By the sub-additivity of the norm

low — Bu|| = [Jaw — Bu+ Bu — Bo|
— (@ — B)u + Blu— )| (2,127
< la = Bllull + Blllu — vl
Let B be such that .

— <
o= Blllull < 5

(2.12.8)
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and let v be such that

€
1Bll[u — vl < 2 (2.12.9)
which are possible since norm are continuous by Theorem 2.12.4. Then
|aw — Bo|| < [a = B]||ull +18][Ju — |
€ €
< -+ = (2.12.10)

2 2

= €.

Therefore scalar multiplication is continuous at (a,w). Since this holds for every point,
addition is continuous by Theorem 2.10.3. O

Theorem 2.12.7 (Addition is continuous in a norm space). Let V' be a norm space
over F. Then addition is a continuous function V? — V.

Proof. Let ¢ € Ry, uj,us,vi,v9 € V. We will show that addition is continuous at
(u1,v1) € V2. By the sub-additivity of the norm

[(ur +v1) = (uz +v2)|| = [[(u1 — uz) + (v1 — o)

2.12.11
< Jlus — gl + s — vl 224
Let us and v9 be such that
€
Jur — us|| < 3
p (2.12.12)
o1 — vl < 5
which is possible since the norm is continuous by Theorem 2.12.4. Then
[(ur +v1) = (uz + o) || < [lur — el + [[v1 — v2]
€ €
< -4 = (2.12.13)

2 2
=€

Therefore addition is continuous at (uq,v1). Since this holds for every point, addition is

continuous by Theorem 2.10.3. O]

Theorem 2.12.8 (Norm space is a topological vector space). Let V be a norm
space over F'. Then V' s a topological vector space.

Proof. Addition in V is continuous by Theorem 2.12.7, and scalar multiplication in V' is
continuous by Theorem 2.12.6. Therefore V' is a topological vector space. O]

Theorem 2.12.9 (Spheres are closed and bounded). Let V' be a norm space over
F. Then a sphere in V is closed and bounded.

Proof. Let p e V, and 6 € R. Now

Sv(p,d) = By (p,d) \ Bv(p, )
= By (p,8) N (V\ Bv(p,9))

is closed in V| since a closed ball is closed in V', an open ball is open in V' with a closed
complement, and since the intersection of closed sets is closed. Since Sy (p, d) is contained
in By (p,d), a sphere is also bounded. O

(2.12.14)
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Theorem 2.12.10 (Finite-dimensional norms are equivalent). Let V be a finite-
dimensional norm space, and let || ||, : V? — R be another norm in V. Then |- || and
|-, are equivalent.

Proof. The unit sphere Sy (0,1) is closed and bounded in V' by Theorem 2.12.9, and
compact in V' by the Heine-Borel theorem. The || - ||, is a continuous function by Theorem
2.12.5; so is its restriction to Sy(0,1). Then there exists «, f € R such that

@ = min [l
(2.12.15)
B = max [ull,
flull=1
by the extreme value theorem. Therefore
(2.12.16)
for all v € V'\ {0}. It follows that
alll] < flvfl, < Bloll, (2.12.17)
for all v € V' (the case v = 0 holds trivially). O

Theorem 2.12.11 (Finite-dimensional norm topology is unique). Let V be a
finite-dimensional norm space. Then the norm topology of V' does not depend on the
norm.

Proof. Since any two norms on a finite-dimensional vector space are equivalent by The-
orem 2.12.10, they agree on which sets are open and which are not. O]

Theorem 2.12.12 (Alternative forms for the operator norm). Let U and V' be
norm spaces over F, f : U — V be a linear function, and S C R\ {0}, S # 0. Then

If]l = sup (Ol (2.12.18)

||uH€S HUH

Proof. Since the norm is positive—homogeneous and f is linear,

== Gl

]
for all u € U \ {0}. Therefore the value of H]ﬂ 7 Is independent of ||lu||, and we may as

(2.12.19)

well concentrate on u such that |ul| € S. O

Example 2.12.13. Some reoccurring forms for the operator norm include

Il = sup [|f(u)]

flull=1
o W@
0<||ul|<8 ||UH

)

llwl>6 HUH

(2.12.20)

where 6 € R,
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Theorem 2.12.14 (Continuous is bounded for linear functions). Let U and V be
norm spaces over F', and f : U — V be a linear function. Then f is continuous if and
only if it is bounded.

Proof. Assume f is continuous. Since a norm space is a topological vector space by
Theorem 2.12.8, and f is linear, this is equivalent to f being continuous at 0 by Theorem
2.11.2. Therefore there exists 6 € R, such that

1f(w) = FO) = [l ()] <1, (2.12.21)

for all w € U such that ||ul| < . Then

- ()l

- Hléf <5%u) H (2.12.22)
e
< W,

for all w € U such that 0 < ||ul| < . Therefore f is bounded by Theorem 2.12.12.
Assume f is bounded. Then

1f () = FO) = [[f ()]
< Al

for allu € U\{0}. If € € Ry, then letting [ju — O] = [lu|| < ;7 shows that f is continuous

at 0. Therefore f is continuous. O

(2.12.23)

2.13 Total derivative

Let U and V' be norm spaces over R, S C U, p € S, and f: S — V be a function. The
differencing at p is a partial function A, : V¥ — V577 such that

Ap(f)(w) = f(p+u) = f(p). (2.13.1)

The A,(f) is called the difference of f at p. The differentiation at p is a partial
function D, : V5 — V5P such that D,(f) is a continuous linear function, and

L ID @) = AN _ 2132

u=0 ]

in the subspace topology of S — p. The f is called differentiable at p, if D,(f) exists,
and differentiable, if f is differentiable at p for every p € S. If f is differentiable at p,
then the D,(f) is called the total derivative of f at p.

Remark 2.13.1. The total derivative is also known as the Fréchet derivative.
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Remark 2.13.2. The subset S C U in the definition of the total derivative is arbitrary.
In particular, it need not be open in U.

Theorem 2.13.3 (Total derivative is unique). Let U and V' be norm spaces over R,
ScU,pesS,and f: S —V be differentiable at p. Then D,(f) is unique.

Proof. Let D,(f), and D,(f), both be total derivatives of f at p. By the definition of
the limit, for every € € R, there exists 6 € R, such that

185 () () = Dp(f )y ()| < flulle/2,
1A () () = Dp(f)a ()| < flulle/2,

for all u € S such that 0 < ||lul]| < . By the sub-additivity of the norm,

IDp(f)a(w) = Dp(f)y (W)l = [Ap(F)(w) = Dp(f)y ()] = [Ap(f)(w) = Dp(f)y(w)]l]
< [1Ap()(w) = Do) (Wl + 185 (F) () = Dp(f) ()]

(2.13.3)

< lulle,
(2.13.4)
for all uw € S such that 0 < ||u|| < d. Now
1Dy (f)a (1) = Dp(f), (w)l
IDp(f); = Dp(f)yll = sup ——== e
0<luf| <3 ]
< swp [|ulle (2.13.5)
o<lull<s ||ul]
=e.
Since this holds for all € € Ry, D,(f), = D,(f);- O

Theorem 2.13.4 (Restriction of differentiable is differentiable). Let U and V' be
norm spaces over R, p e 8" C S C U, and f: S — V be differentiable at p. Then f|S" is
differentiable at p.

Proof. Since f is differentiable at p, for every € € R, there exists § € R, such that

IDp(f)a(w) = Dp(f)y (W)l < [lulle, (2.13.6)
for all w € S such that 0 < ||u|| < 0. This claim still holds if we require in addition that
ue s O

Remark 2.13.5. Note that in Theorem 2.13.4 the restriction is to an arbitrary subset S’.
In particular, S" need not be open in S. If S” = {p}, then f|S’ is vacuously differentiable
at p.

Example 2.13.6. The converse of Theorem 2.13.4 does not hold in general for arbitrary
subsets S’ C S. For example, let f : R — R : f(z) = |z|, and §" = [0,1] C R. Then f|5’
is differentiable at 0, but f is not differentiable at 0.
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Theorem 2.13.7 (Differentiability is local). Let U and V' be norm spaces over R,
pesS cScU,S eTs(p), and f: S — V. Then f is differentiable at p if and only if
f1S" is differentiable at p.

Proof. Assume f is differentiable at p. Then Theorem 2.13.4 shows that f|S’ is differ-
entiable at p. Assume f|S is differentiable at p. Since S’ is open in S, the topology
of S” consists exactly of those open sets of S which are contained in S’. Therefore the
differentiability of f|S” at p implies the differentiability of f at p. O]

Theorem 2.13.8 (Total derivative of a constant is zero). Let U and V' be norm
spaces over R, p € U, S € Ty(p), and f : S — V be a constant function. Then f is
differentiable at p, and D,(f) = 0.

Proof. Let u € S\ {0}. Then

A -0
il
Therefore D,(f) = 0, since the total derivative is unique by Theorem 2.13.3. O

Theorem 2.13.9 (Scaling rule for total derivative). Let U and V' be norm spaces
over R, f:U — V be differentiable at p € U, and o € R. Then f is differentiable at p if
and only if af is differentiable at p, and

Dy(af) = aDy(f). (2.13.8)
Proof. Assume f is differentiable at p, and v € U \ {0}. Then
[Ap(af) = aDp(H)Il _ lladp(f) = aDy(f)l

Il Il
2.13.9
_ 1800 = DD (2159
= |a| :
Il
Taking the limit w — 0 on both sides gives
u=0 ]

since f is differentiable at p, and by Theorem 2.11.4. The result follows since total
derivative is unique by Theorem 2.13.3. Assume «f is differentiable at p. The result is
trivial for & = 0. Assume « # 0. Then by the previous result

"D, (af) = D, (éaf)
= D,(f).

(2.13.11)

]

Theorem 2.13.10 (Sum rule for total derivative). Let U and V' be norm spaces over
R, and f,g: U — V be differentiable at p € U. Then f + g is differentiable at p, and

Dy(f +9) = Dp(f) + Dpl9)- (2.13.12)
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Proof. Let u € U\ {0}. Then by the sub-additivity of the norm

185 (f + B9)(u) = (Dp(f)(w) + Dp(g)(w))|

[[ul]
A () = Dp(f) (w)] + [Ap(g) () — Dp(g) (W)l (2.13.13)
I o
12,(N) () = Dp(HNWI | [Ap(9) (1) = Dy(g) (W)
- I [
Now
1. lim,_, 125 (f )(”‘)‘;HD 16I0)] = 0, since f is differentiable at p,
2. lim,_,o 22 (g)(“ﬂ;”D p@OWI — () since g is differentiable at p.
Therefore
i 1850 +9)(0) = (D) + Do) W) _ S

u—0 ]

by Theorem 2.11.3 and Theorem 2.11.4. The D,(f) + D,(g) is continuous since V' is a
topological vector space. The result follows, since total derivative is unique by Theorem
2.13.3. O]

Example 2.13.11. Let U and V be norm spaces over R, and f : U — V be non-
differentiable at p € U. Then D,(f — f) =0, but D,(f) — D,(f) does not exist.

Theorem 2.13.12 (Total derivative of a continuous linear function is itself).
Let U and V' be norm spaces over R, f: U — V be continuous linear, and p € U. Then
[ is differentiable, and D,(f) = f.

Proof. Let u € U\ {0}. Then
1A, (F)(w) = fu)]l = 1f(p +u) = f(p) = f(w)]]

= [lf(p+u) = flp+ul (2.13.15)
=0.

]

Theorem 2.13.13 (Product rule for total derivative). Let U be a norm space, and
fyg: U — R be differentiable at p € U. Then fg is differentiable at p, and

Dp(f9) = F(2)Pu(9) + Pu(f)g(p). (2.13.16)

Proof. First rewrite

Ap(fg)(w) = [Dyp(f)(u)g(p) + f(p)Py(g)(w)]
=f(p+w)[Ap(9)(w) = Dy(g)(u)]
+g(p) + Dy

[ (2.13.17)
+Dyp(f) (1) Dy(g) (w).

Q
~
—~
S
=
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By the sub-additivity of the norm
18,(f9)(u) = [Dp(f)(w)g(p) + f(p)Dp(g) (W]

Tl
<If(p+u) ”AP<9><U>H;HDP<9><u>H
|||Ap(f)(u) D,(f)(w)]| (2.13.18)

+|g(p) + Dy(g)(w)

20 ()|

Since f and g are differentiable, they are also continuous by Theorem 2.13.16. Now

+[Dp(f) (w)]

e lim, o |f(p+ u)| =0, since norm and f are continuous,

lim, 0 |9(p) + Dp(g)(u)] = |g(p)] < oo, since norm is continuous, and D,(g) is
continuous linear,

lim, 0 |D,(f)(w)| = 0, since norm is continuous, and D,(f) is continuous linear,

[l

Dp(g)< v >H <|IDp(9)|l < o0, since D,(g) is bounded,

[[Ap(f)(w) =Dp(f)(w)]]

e lim, o ] = 0, since f is differentiable,
e lim, . ”Af’(g)(“l)';ﬁ) 2@l — 0, since g is differentiable.
Therefore A - .
u
by Theorem 2.11.3 and Theorem 2.11.4. O]

Theorem 2.13.14 (Inverse rule for total derivative). Let U be a norm space, and
f U — R be differentiable at p € U, such that f(p) # 0. Then 1/f is differentiable at
p, and

_ D)
D,(1/f) = TR (2.13.20)
Proof. Let g : U — R such that g = 1/f. Then
0="Dy(1)
= D,(fg) (2.13.21)
= Dy()g(p) + f(0)Dp(y)
by Theorem 2.13.13 and Theorem 2.13.8. Therefore
Dy(g) = - 22
D) (2.13.22)
fp)*
O
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Theorem 2.13.15 (Quotient rule for total derivative). Let U be a norm space, and
f,g:U — R be differentiable at p € U, such that g(p) # 0. Then f/g is differentiable at
p, and

D,(f /) = (2.13.23)
Proof. Now

Dp(f/g) = Dyl

(1/9))

) 4 1 )D(1/9)
) Do) (2.13.24)

_ D)
9(p
Dy

~ g(p)

where we used Theorem 2.13.14, and Theorem 2.13.13. O]

Theorem 2.13.16 (Differentiable is continuous). Let U and V' be norm spaces, and
f U =V be differentiable at p € U. Then f is continuous at p.

Proof. Let u € U \ {0}. Then by the sub-additivity of the norm

185 (1) (@) = 185(£)() = Dy(f) () + Dy( ) ()]
< 18,5 @) = Dy(H @) + [Dy(H(w)] 21525

_ IIAp(f)(u)”;”Dp(f)(m|| lull + 1Dy () ()l

We have that
1Dp (f) () =Ap (f) (w)

[l

I — = 0, since f is differentiable at p,

1. hmu%o

2. limy,olju|| = ||limy—o u|| = 0, since the norm is continuous, and

3. limyo||Dp(f)(w)]| = ||Dp(f)(limy—o u)|| = 0, since the norm and D,(f) are contin-
uous, and D,(f) is linear.

Taking limits on both sides we have that
lim | A, () ()] < 0 (2.13.26)
U—

by Theorem 2.13.10, Theorem 2.13.9, and Theorem 2.13.13. Therefore f is continuous at
p- O

Theorem 2.13.17 (Chain rule for total derivative). Let U, V, and W be norm
spaces, and p € U. Let g : U — V' be differentiable at p, and f : V — W be differentiable
at g(p). Then f o g is differentiable at p, and

Dy(fog) = Dg(p)(f) o Dy(g). (2.13.27)
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Proof. Let u e U\ {0}, ¢ = f(p), v= Ap(f)(u), and w = D,(f)(u). Then
[85(g 0 ) () = Dy (g u))

° 1
=[124(9)(v) = Dq(g)(w)H
=[1284(9)(v) = Dy(g)(v) + Dy(9)(v) = Dy(g)(w)]
<[124(9)(v) = Dy(9)(0)]| + [[Dy(g) (v — w)]]
<[124(9)(v) = Dy(9) (V)| + [Py (9)l[[v = w]]
=[124(9)(v) = Dy(9) ()| + P ()II[|[ A5 (f) () = Pp(f) (W)

(2.13.28)

Since f is differentiable at p, it is also continuous at p by Theorem 2.13.16. Therefore
lim, 0 A,(f)(u) = 0. Since f is differentiable, and g is differentiable, for every ¢ > 0 we

may choose d > 0 such that

185 () () = Dp(f) (W)l < €flull,
184(9)(v) = Dy(g) ()| < elfoll;

for all ||ul| < 0. Therefore
185(g 0 )W) = Dy (9)(Dp(f) (W)
<e[vll + e[ Dy(g)ll[l

=¢llv = Dp(f)(w) + Dp(f) (W)l + €l Dy(g) [l

<el|Ap(f)(w) = Dp(f) (W)l + el Dp () ()]l + el Dy (9) [l
<€[full + el Dp(£)I[lull + €l Dy(g) 1]l

<el|ull(e + 1D (N + [Py (g)I]),

for all ||u|| < d. Since this holds for any ¢ > 0, the result holds.

3 Symmetry groups

3.1 General linear group

(2.13.29)

(2.13.30)

Let V be a vector space. The general linear group GL(V') of V is the set of invertible
linear functions in V', together with function composition as the group operation. A
linear group is any sub-group of GL(V'). A linear group S is called special, if det(f) > 0

for all f € S.

Theorem 3.1.1 (Composition of linear functions is linear). Let U, V', and W be
vector spaces over F', and f:U —V and g:V — W be linear. Then f o g is linear.

Proof. Let o, 8 € F, and x,y € U. Then

(fog)(az + By) = f(g(az + By))
= f(ag(z) + By(y))
=af(g(z)) +Bf(9(y))
=a(fog)(x)+B(fog)(y)

20

(3.1.1)



Theorem 3.1.2 (Inverse of a linear function is linear). Let V' and W be vector
spaces over F, and f : V — W be linear and invertible. Then f~! is linear.

Proof. Let o, 8 € F, and =,y € W. Then

fHox + By) = fHaf (f (@) + B (F ()]
= flaf @) + B ()] (3.1.2)
=af (z)+ B (y).
O

Theorem 3.1.3 (General linear group is a group). The general linear group GL(V)
1S a group under composition.

Proof. Composition is associative, and by Theorem 3.1.1 GL(V) is closed under compo-
sition. The identity function is linear and is the identity element under composition. By
definition, each element of GL(V') has an inverse, and by Theorem 3.1.2 GL(V) is closed
under inverses. O

3.2 Scaling linear group

Let V be a vector space over F. A function f:V — V is called a scaling, if there exists
A € F such that
f(z) = M. (3.2.1)

The scaling linear group is the set of invertible scalings in V', together with function
composition as the group operation.

Theorem 3.2.1 (Scaling linear group is a commutative linear group). The scaling
linear group S(V') is a commutative sub-group of the general linear group GL(V).

Proof. Let f,g € S(V), such that

f(x) = az,
g(z) = B, (3.2.2)
for some «a, 5 € F'\ {0}. Then
(fog)(zx) = afuz. (3.2.3)

Since af € F\ {0}, fog € S(V), and S(V) is closed under composition. Since the
composition order does not matter, S(V) is commutative. If 3 = a~!, then (fog)(z) = z,
and thus f~! = g. Since composition is associative, f~! is unique by Theorem 2.7.3.
Therefore every element of S(V) has an inverse. Since f~! € S(V'), S(V) is closed under
inverses. The identity function is the identity element in S(V), and is unique by Theorem
2.7.2. Therefore S(V') is a commutative group under composition. Since every f € S(V)
is clearly linear, S(V') is a sub-group of the general linear group GL(V). ]
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3.3 Orthogonal linear group

Let V and W be symmetric bilinear spaces over F. The orthogonal O(V) in V is the
set of invertible orthogonal linear functions in V. A plane reflection in V', defined only
when char(F) # 2, is a function m, € O(V') defined by

—0, (3.3.1)

where b € V', b-b # 0, is the normal of the plane.

Theorem 3.3.1 (Orthogonal is linear when non-degenerate). Let V and W be
bilinear spaces, and f : V — W be an orthogonal function, such that the bilinear form in
W is left-non-degenerate, or right-non-degenerate, on f(V'). Then f is linear.

Proof. We will assume the bilinear form in W is left-non-degenerate on f(V'); the right-
non-degenerate case is similar. Let o, § € R, and z,y, 2z € V. Since f is orthogonal,

flax + By) - f(2) = (ax + By) - 2

=az-2)+6(y-2)
— a(f(x) £2)) + BF) - £(2) 452
= (af(z)+Bf () - f(2).
We write this as
(f(ax + By) — (af () + B (y))) - f(2) = 0. (3.3.3)
Since - is left-non-degenerate on f(V),
flaz + By) — (af (x) + Bf(y)) = 0. (3.3.4)
Therefore f is linear. ]

Theorem 3.3.2 (Composition of orthogonal functions is orthogonal). Let U, V,
and W be bilinear spaces, and let f : U —V and g : V — W be orthogonal. Then fog
1 orthogonal.

Proof. Let x,y € U. Then

(fog)x)-(fog)y) = flg(x))- flg(y))
) (3.3.5)

[]

Theorem 3.3.3 (Inverse of an orthogonal function is orthogonal). Let V, and
W be bilinear spaces, and let f : V. — W be orthogonal and invertible. Then f~! is
orthogonal.

Proof. Let x,y € W. Then

S ) ) = @) - FU ()
ey

(3.3.6)
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Theorem 3.3.4 (Orthogonal group is a linear group). The orthogonal group O(V)
is a sub-group of the general linear group GL(V).

Proof. Composition is associative, and by Theorem 3.3.2 O(V) is closed under compo-
sition. Since the identity function is orthogonal, O(V') has an identity element, which
is unique by Theorem 2.7.3. By definition, every element of O(V') has an inverse. By
Theorem 3.3.3 O(V) is closed under inverse. Since in addition O(V) C GL(V), O(V) is
a sub-group of GL(V). O

Theorem 3.3.5 (Properties of plane reflection). Let V' be a bilinear space over F,

with char(F) # 2. Then the plane reflection m, is linear, orthogonal, invertible, and
inwvolutive, for allb eV, b-b# 0.

Proof. Let b € V such that b-b # 0, and let v = ﬁ Then

mp(x) =2 — 29(b - x)b. (3.3.7)
Let z,y € V, and o, 8 € F. Then

m(ax + By) = (ax + By) — 2v(b - (ax + By))b
= alr — 2y(b- 2)b] + Bly — 27(b- y)b] (3.3.8)
= amy(z) + Bmy(y).

Therefore m, is linear. Also

m(z) - m(y) = (x — 27(b- 2)b) - (y — 27(b - y)b)
zoy—4dyb-z)(b-y)+ 457 (b-z)(b-y)(b-b)
-y —4y(b-z)(b-y) +4y(b-z)(b-y)
——

(3.3.9)

Therefore 7, is orthogonal. Now

(my 0 m) () = my(x) — 27(b - my(x))b

= (= 2y(b-2)b) = 29(b- (z — 2v(b- x)b))b

=z —4y(b-2)b+ 4y*(b- z)(b- b)b (3.3.10)
=z —4y(0b-x)b+4y(b-x)b

=5
Therefore m, is invertible and involutive. O

Theorem 3.3.6 (Orthogonal function by reflections). Let V' be an n-dimensional
non-degenerate symmetric bilinear space over F, with n > 1 and char(F) # 2, and
f € O(V). Then there exists a set of functions my,...,m, : V — V, each either a plane
reflection or an identity function, such that

mo---om, = f. (3.3.11)
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Proof. Consider the subspace
B={f(a)—a:aeV}. (3.3.12)

Suppose every vector in B is null. TODO.
Otherwise, there exists a € V' such that b-b # 0, where b = f(a) — a. Then

(b-b)mp(a) = (b-b)a—2(b-a)b
=(b-b)f(a) — (b-b)b—2(b-a)b

= (b-D)f(@) = (b- (@) + )b (3:3:19)
= (b-b)f(a),
where the last step follows from the orthogonality of f by
b-(f(a) +a)=(f(a) —a)-(f(a) +a)
= f(a) - f(a)—a-a (3.3.14)

= 0.

Since 7, maps a — f(a), we may choose m; = 7, and the claim holds for n = 1. Assume
the claim holds for n — 1, where n > 1. Let S = span(f(a)) C V, and f € O(S"") such

that f is the restriction of m o f to S'V. Since SV is (n — 1)-dimensional, there exists
functions 7o, ... 7, : STV — 8™ of the required type such that

~

f=mo-om, (3.3.15)
We extend these functions to linear functions ms,...,m, : V — V such that
if
mi(7) = {;\;(x), ifz i gl’w. (3.3.16)
for all 2 <4 < n. This extension by identity retains all the required properties. Then
TgO--+0m, =m0 f. (3.3.17)
Since 7y is involutive,
mo---om, = f. (3.3.18)
O

Remark 3.3.7. Theorem 3.3.6 is known as the Cartan-Dieudonné theorem. It states
that the linear plane reflections generate the orthogonal linear group. The usefulness of
this theorem lies in that if we can represent plane reflections and their compositions in
some algebra, then we can also represent any orthogonal function in that algebra. This is
particularly true for geometric algebra. It is this theorem which highlights the importance
of having a bilinear form which is both symmetric and non-degenerate.

Remark 3.3.8 (Orientations of subspaces). Consider the decomposition V =V ~LVT.
For a transform f € O(V) it must hold that f(V~) = V~, and f(V*) = V. There-
fore we may decompose f = f~ @ f*, where f~ € O(V™), and f* € O(V™'). Then
det(f) = det(f~)det(fT), and there are four cases, corresponding to the four connected
components of O(V'). These cases are shown in Table 7.
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Table 7: Types of transformations in O(V') by orientation change. Here f = f* & f~ €
O(V), where fT € O(V*), and f~ € O(V").

det(f*) | det(f~) | det(f) | Component
-1 -1 +1 SO (V)
-1 +1 —1 o~ (V)
+1 -1 1 0~ (V)
+1 +1 +1 SO* (V)

3.4 Conformal linear group

Let V' be a symmetric bilinear space over F'. The conformal linear group CO(V) is
the direct sum

COV)=S(V)aO(V). (3.4.1)
Remark 3.4.1. Conformal means angle-preserving.

Remark 3.4.2. CO(V) is also known as the conformal orthogonal group. We find this
terminology confusing, since a conformal linear transformation need not be orthogonal.

Theorem 3.4.3 (Characterization of conformal linear functions). Let f € CO(V).
Then there exists \y € F, such that

f@) - fly) = Ap(z-y), (3.4.2)
forallz,y eV.

Proof. Scalings commute with orthogonal functions. Therefore one can rearrange any
composition of functions such that scalings are done first, followed by orthogonal func-
tions. Since the composition of scalings is a scaling, and the composition of orthogonal
functions is orthogonal, the result follows. n

3.5 Affine groups
Let V and W be a vector spaces over F. A function f :V — W is called affine, if

f(I =)z +ay) = (1 —a)f(z) + af(y), (3.5.1)

for all € R, and z,y € V. A function f : V — V is called a translation, if there exists
t € V such that
flz) =z +t. (3.5.2)

The translation affine group T(V) is the set of translations in V', together with func-
tion composition as the group operation. An affine group is a direct sum of the trans-
lation affine group and any subgroup of the general linear group.

Example 3.5.1. Translation is affine. Except for the identity translation, it is not linear.
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Example 3.5.2. Examples of affine groups include general affine group, translation affine
group, scaling affine group, orthogonal affine group, and conformal affine group.

Theorem 3.5.3 (An affine group is a commutative group). The translation affine
group T(V) is a commutative group under composition.

Proof. Obvious. m

Theorem 3.5.4 (Affine generalizes linear). Any linear group is a sub-group of its
corresponding affine group.

Proof. Obvious. O

4 Algebraic structure

4.1 Clifford algebra

Let V' be a symmetric bilinear space over R, and W C T'(V') a subspace of T'(V') defined
by

W = span({AkUQBl — (v-v)AB kIl eENvEV, A, e VP B € V®l}). (4.1.1)
Then the Clifford algebra CI(V) on V is the quotient algebra
Cl(V)=1T(V)/W. (4.1.2)

The symmetric bilinear form in V is called the dot product. If we want to be explicit
about the signature (p,q,r) of the dot product, then we denote CI(V) = CI(V), 4., OF
Cl(V) =CIl(V )4, if r = 0. The product in CI(V) is called the geometric product. The
elements of CI(V) are called multi-vectors. If A € Cl(V), and A = a; - - a; for some
{ai,...,ax} C V, then Ais called a k-versor. An element A; € CI(V) is called a k-blade
if it is a k-versor of orthogonal vectors, and a k-vector, if it is a linear combination of

k-blades. The center of CI(V') is the sub-algebra
Center(Cl(V)) ={A € Cl(V): AB = BA, for all Be Cl(V)}. (4.1.3)

Remark 4.1.1. The Cl in CI(V) stands for William Kingdon Clifford, the inventor of
Clifford algebra.

Remark 4.1.2 (Notation for Clifford algebra). Taking the notation for the ten-
sor algebra as a starting point, and writing the equivalence classes of CI(V') by their
representatives, we may write equations such as

(2uw — 4v)w = 2uw* — dvw, (4.1.4)

for u,v,w € V. We interpret the quotient T'(V')/W as stating a simplification rule in this
notation, so that it makes sense to further write

(2uw — 4v)w = 2(w - w)u — dvw. (4.1.5)
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Remark 4.1.3 (Naming for versors). Some texts, such as [3|, require a versor to be
invertible. However, many theorems apply to general products of vectors rather than just
to invertible products of vectors. We follow [4] in our naming.

Remark 4.1.4 (R is a sub-algebra of C/(V')). The sub-algebra {aey : « € R} C CI(V)
is field-isomorphic to R; the isomorphism is ¢ : R — CI(V) : ¢(a) = aeg. Therefore these
two sets are often interchanged in notation, although a rigorous, but perhaps distracting,
way would be to explicitly use ey everywhere. Let us temporarily denote the geometric
product by ®. Since for a, f € R and A € CI(V),

(aeg + Peg) ®A = aleg® A) + B(eo ® A) (4.1.6)
= (a+p)A (4.1.7)
= a(A®ey) + S(A®ep) (4.1.8)
= A® (aey + Pep), (4.1.9)

there is no danger in this abuse of notation.

Theorem 4.1.5 (Dot product from geometric product). Leta,b € V. Then 5(ab+
ba) =a-b.

Proof.
ab+ba = (a+b)?—a®— b (4.1.10)
= (a+b)-(a+b)—a-a—0b-b (4.1.11)
= 2a-b. (4.1.12)
[

Theorem 4.1.6 (Orthogonal vectors anti-commute). If a,b € V, then
a-b=0< ab= —ba, (4.1.13)

i.e. vectors are orthogonal if and only if they anti-commute.
Proof. This is an immediate consequence of Theorem 4.1.5. [

Remark 4.1.7 (Coordinate-free proofs). Following [4]|, we do not pick a priviledged
basis for V to define a Clifford algebra CI(V'). This approach reveals more structure
in proofs, since the number of assumptions is reduced. This is to be contrasted with
some texts picking a priviledged orthogonal basis {e;,...,e,} C V, and then relying on
coordinate expansions and the fact that e;e; = —eje;, for @ # j by Theorem 4.1.6. Picking
a priviledged orthogonal basis is also problematic when non-orthogonal bases of V' are
used, as is done with the conformal geometric algebra model. The non-orthogonal basis
vectors have then to be described in the terms of the orthogonal basis vectors. However,
it is then not immediately clear which results proved for the orthogonal basis vectors
hold, or do not hold, for the non-orthogonal basis vectors.

Remark 4.1.8. If V = {0}, a zero-dimensional vector-space, then CI(V') is field-isomorphic
to R.
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4.2 Morphisms

The reversion is an algebra anti-automorphism ~ : CI(V) — CI(V) such that v = v
for all v € V. The grade involution is an algebra automorphism ~ : CI(V) — CI(V)
such that v = —v for all v € V. The conjugation is an algebra anti-automorphism

“:Cl(V) — Cl(V) such that v = —v for all v € V.

Remark 4.2.1. The missing automorphism to fill the pattern is CI(V) — CI(V) such
that v +— v for all v € V. But this is just the identity function on CI(V).

Remark 4.2.2. The reversion, grade involution, and conjugation are all involutions, i.e.
they are their own inverses.

Remark 4.2.3. If {a,...,a;} C V, then ai---a, = ag---a;, explaining the name
reversion.

Theorem 4.2.4 (Vector-preserving homomorphisms preserve dot product). Let
f:Cl(V) — ClL(W) be an algebra homomorphism (anti-homomorphism) such that f(V') C
W. Then f|V is orthogonal.

Proof. We will prove the result assuming f is an homomorphism; the proof for the anti-
homomorphism is almost identical. Let a,b € V. Then by Theorem 4.1.5, and f(V) C W,

2(f(a) - f(b)) = fla)f(b) + f(b)f(a)
— f(ab) + f(ba)
= f(ab+ ba) (4.2.1)
= f(2(a-D))
=2(a-b).
Therefore f|V is orthogonal. ]

Theorem 4.2.5 (Reversion formula). Let Ay, € CI(V) be a k-vector. Then Ay, =
(-7 4,

Proof. By linearity, we only need to prove the result for k-blades. Let Ay = a;---ay,
where {ay,...,ax} C V is an orthogonal set of vectors. By Theorem 4.1.6, a;a; = —aja;,
for ¢ # j. Therefore

I
)
B

<
fin

—1D)* ayay - - - ay (4.2.2)

]

Theorem 4.2.6 (Grade involution formula). Let A = a;---a, € CI(V) be a k-versor,
where {ay,...,ax} CV. Then
A= (—1)*A. (4.2.3)



Proof.

(4.2.4)

O

Remark 4.2.7. Theorem 4.2.6 extends by linearity to linear combinations of k-versors,

and in particular to k-vectors.

Theorem 4.2.8 (Conjugation formula). Let A, € CI(V) be a k-vector. Then A, =

k(k+1)

() = (A) = (1) Ay

Proof. By linearity, we only need to prove the result for the k-blades. Now

(
=(—D)fag- a4
= (-1
= (4g)
= (4y)
— (D1 A
= (—1)"57 4,

4.3 Inverse

(4.2.5)

Theorem 4.3.1 (Product of a k-versor and its reverse or conjugate is real). Let

A eClV) be a k-versor. Then

AA = AA € R,
AA = AA e R.
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Proof. Let A=ay---a, € Cl(V), where {ay,...,ar} C V. Then

AA = (ay - ap)(ag - a1)

n
_ 2
-1«
=1

- 4.3.2
= H a;-a; €R ( )
i=1
= (ap- - a)(ar - ap)
= AA.
Similarly, but using the conjugation, one shows that AA = AA € R. O]

Theorem 4.3.2 (Versor inverse). Let A € CI(V) be a k-versor such that AA # 0.
Then A has a unique inverse with respect to the geometric product given by

A A
AA  AA
Proof. By Theorem 4.3.1, AA = AA € R. Now
a A A, Al 4, (4.3.4)
AA  AA AA  AA

The inverse is unique by Theorem 2.7.3. Similarly, but using the conjugation, one shows
the latter equation. O

Theorem 4.3.3 (Blade squared is real). Let A, € CI(V) be a k-blade. Then
A? € R. (4.3.5)

Proof. By Theorem 4.3.1 and Theorem 4.2.5,

k(k—1)

A2 = (—1)" 7 A4, €R. (4.3.6)
0

Example 4.3.4. While for a k-blade Ay € CI(V) it holds that A? € R, this does not
hold for k-versors in general. As an example, consider a,b € CI(R*?), where a = e; and
b= e+ ey Then ab = 1+ ejeq, and (ab)? = 2e1e5 ¢ R. This shows that the initially
attractive definition A;/A2 for the inverse of a k-blade does not generalize to k-versors.

4.4 Grading
The grade of a k-vector is k. Let X € CI(V') such that

n

X = Xka
k=0

60



where X, € CI(V) is a k-vector. Then the grade-selection operator (-), : CI(V) —
Cl(V) is defined by (X), = Xj. Let

k=0 (4.4.1)

oo

<X>_ = Z<X>2k+1-

k=0

The even part of CI(V) is the set (CI(V)),, and the odd part of CI(V') is the set
(CIL(V))_. The multi-vectors in these sets are called even and odd, respectively.

Remark 4.4.1. Although all elements of CI(V') are vectors in the vector-space sense, in
Clifford algebra the vector term is reserved for the elements of V', i.e. 1-vectors.

Remark 4.4.2. The grade selection operator is linear and idempotent. It is a projection
to the k-vector subspace.

Theorem 4.4.3 (Grade selection commutes with vector-preserving homomor-
phisms). Let f : Cl(V) — CI(W) be an algebra homomorphism (anti-homomorphism,).
Then

F((A)) = (F(A)),, (4.4.2)
if and only if f(V)C W.
Proof. We will prove the result assuming f is an algebra homomorphism; the proof for
the algebra anti-homomorphism is almost identical. Assume f(V) C W. By linearity we

only need prove the result for [-blades. Let A; = a;---a; € CI(V') be an [-blade, where
{a1,...,a;} CV is orthogonal. Then

f(A) = flar- @)
= fla1) - f(a).
Then f(A;) is also an [-blade, since each f(a;) € W, and by Theorem 4.2.4 f}y is orthog-

onal. Assume [ # k. Then f((A4;),) = 0= (f(A)),, and the result holds. Assume [ = k.
Then

(4.4.3)

F({Ak)y) = F(Ar)

444
= (f(Ak))y ( )
and the result holds. Assume f((A),) = (f(A)), holds. Then in particular
fla) = (f(a))y, (4.4.5)
for all @ € V. Therefore f(V) C W. O

Remark 4.4.4. In particular, Theorem 4.4.3 applies to reversion, grade involution, and
conjugation.

Theorem 4.4.5 (Clifford algebra is Z;-graded). Clifford algebra CI(V') is Zy-graded.

61



Proof. Let A, B € CI(V'). By Theorem 4.4.3,

—
—

(4.4.6)

. = 0. Repeating this reasoning for the other
combinations odd-even, even-odd, and odd-odd, we get that

+< >+ E( ( )+

(A)_(B), e (ClV))_
(A),(B)_ € ({Cl(V))_ (4.4.7)

(A)_(B)_ e (ClV)).
Therefore CI(V) = (CI(V)), 4+ (CI(V'))_ is Zp-graded (think of + as zero, and — as
one). -

Remark 4.4.6. A Zs-graded algebra is also called a super-algebra.

Remark 4.4.7. The proof of Theorem 4.4.5 also shows that (CI(V')), is a sub-algebra
of CI(V'), called the even sub-algebra of CI(V'), and that (CI(V'))_ is not a sub-algebra
of CI(V'), since it is not closed under multiplication.

Example 4.4.8 (Clifford algebra is not N-graded). Although we have the decompo-
sition CI(V') = @@;._,(CL(V)),, and we call the k in k-vector a grade, the Clifford algebra
CI(V) is not N-graded. For example, if a € V, then a* has grade 0 although a has grade
1. Instead, as we will see later, it is the exterior algebra of CI(V') which is N-graded.

Theorem 4.4.9 (The parity of a k-versor equals the parity of k). Let A =
a---ax € Cl(V) be a k-versor, where {ay, -+ ,ar} C V. Then A is even if and only
if k is even, and A is odd if and only if k is odd.

Proof. If k = 0, then the result holds. Assume k > 0, and k is even. Since each a; is odd,
by Theorem 4.4.5 a;a;;1 is even, for : < n. Then
k/2
ap---ap = H A9;—1Q9; € <Cl(V)>+ (448)

i=1

Assume k£ > 0, and k is odd. Then a; - --aj_; is even by the previous, and a; - - - ar_1ax
is odd by Theorem 4.4.5. O]

Theorem 4.4.10 (Grades in a geometric product of a vector and a blade). Let
a €V, and B, € Cl(V) be a k-vector. Then

aB, = <CLBk>k_1 + <aBk>k+1

4.4.9
Bra = <Bka>k71 + <Bka>k+1 ( )
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Proof. By linearity we only need to prove the result for k-blades. Let By = by--- b,

where {by,...,br} C V is an orthogonal set of vectors. Then
CLBk = (lBk
= (aj +a1)Bx
= a”Bk + a, By,

k

i=1

k
i=1
= (aBy)y + (aBi)g

where a € span(by,...,b;), a1 € span(by,... ,bk)l, and the check-mark denotes a missing
factor. Similarly for Bya. O

Theorem 4.4.11 (Grades in a geometric product of blades). Let Ay, B, € CI(V)
be a k-vector, and an l-vector, respectively. Then

m

AeBr = (ABD) j_yiai (4.4.11)

=0
where m = $(k+1— |k —1|).

Theorem 4.4.12 (Cancellation of grades). Let a € V, and By, € CI(V) be a k-vector.
Then

aBy, + Ea = <aBk + B;a>
ol (4.4.12)

aBy — é;a = <aBk — é;a> )
k+1

Proof. By Theorem 4.4.3,

P
—_—

<a’Bk>k—1 = <aBk>k—1

e~

(a5:)
k—1

(=1)(k=2) |~
(=1 ki)

(k—1)(k—2) k(k—1)
=(=1) 2 (1) = (Bua)y_,

(-)* Y Bra),_,
(—1)k_1<Bka>k—1

= —<_/B;CL> )
k—1

(4.4.13)
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where we used the identity (—1)*#~Y* = (=1)*~1. By Theorem 4.4.11,

aBy, + Bra = <aBk + E\ka> + <aBk + E;a>
P il (4.4.14)
= <aBk + Bka>
k+1
Similarly for a By — é\ka. ]

Theorem 4.4.13 (Factors can be swapped in 0-grade-selection). Let A, B €
CI(V). Then
(AB), = (BA),. (4.4.15)

Proof. By linearity, we only need to prove the result for k-vectors. Let Ay, B; € CI(V)
be a k-vector, and an [-vector, respectively. Assume k # [. Then by Theorem 4.4.11
(ArB;), = 0 = (BjAy), and the result holds. Assume k = [. Then by Theorem 4.4.3

0
N <AkBk>0 (4.4.16)
= (Bu),
= (BrAk)o,

and the result holds. O]

4.5 Exterior product
The exterior product is the function A : CI(V)? — CI(V') defined by

AANB = (AeBl)y, (4.5.1)

The exterior algebra of V' is the vector space CI(V') equipped with the exterior product,
denoted by G(V). An outer-morphism from V to W is an algebra homomorphism
f: G(V) — G(W) such that f(V) C W. The set of outer-morphisms from V' to W is
denoted by Out(V, W). We also denote Out(V') = Out(V, V).

Remark 4.5.1. The G in G(V') stands for Hermann Grassmann, the inventor of exterior
algebra.

Theorem 4.5.2 (Exterior product is bilinear). The exterior product is bilinear.
Proof. The geometric product is bilinear, and the grade selection operator is linear. [

Theorem 4.5.3 (Exterior product is associative). The exterior product is associa-
tive.
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Proof. By bilinearity, we only need to show associativity for k-vectors. Let Ay, B;,C,, €
CI(V), where Ay is a k-vector, By is an [-vector, and C,, is an m-vector. Then

(Ak VAN Bl) ANC,, = <Ak:Bl>k+l A Cy,
= <<AkBl>k+lCm>(k+l)+m
_ <<AkBlCm> <k+1)+m> (4.5.4)

(k+D)+m
= <<AkBlOm>k+(l+m)> (
—= <Ak<BlCm>l+m>k;+(l+m) ( Je
(
(

k+(l4+m)

= AN <Blcm>l+m
= A A (Bl A Cm)

Theorem 4.5.4 (Exterior product with a scalar). If B € CI(V), and o € R, then
aNB=aB=DBAa.

Proof. By bilinearity, we only need to prove the result for the k-vectors. Let o € R, and
By € CI(V) be a k-vector. Then

a A Bk = <OéBk>k == Oé(Bk>k = OéBk.
Similarly, By A o = aBy. O

Theorem 4.5.5 (Exterior product is alternating for blades). Let A, € CI(V) be a
k-blade. Then
A A A = 0. (4.5.9)

Proof. Since by Theorem 4.3.3 A2 € R,

A A Ay = (A2),

o (4.5.10)

O

Example 4.5.6 (Exterior product is not alternating in general). Theorem 4.5.5
does not hold in general for multi-vectors; for example, 1 A1 =1 # 0. It does not hold
in general even for k-vectors; for example, if {ej, es, e3,e4} C V is linearly independent,
then by Theorem 4.5.7

(61 N € + €3 VAN 64) VAN (61 A e + €3 A 64) = 2(61 A €9 A €3 VAN 64) 7é 0. (4511)
On the other hand, there are non-blades with a zero exterior-square; for example
(61 + e VAN 62) A (61 + e A 62) = 0. (4512)

Theorem 4.5.7 (Non-zero exterior product is equivalent to linear independence
for vectors). Let A ={ay,...,ar} C V. Then A is linearly independent if and only if

ar N\ - ANag 7é 0. (4513)
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Proof. Assume a; A --- A aj # 0, and consider the equation

k
> aja; =0, (4.5.14)
=1

where o € RF. Multiplying this equation by the exterior product with a; A -+ A a;j_;
from the left, and with a; 1 A --- A a; from the right gives, by Theorem 4.5.5,

aj(ar A ANag) = 0. (4.5.15)

Since a; A --- A ag # 0, by the properties of a vector space o; = 0, for all j € [1,k].
Therefore {ay,...,a;} is linearly independent. Assume A is linearly independent. We
will prove that a; A --- A ap # 0 by induction. The claim holds trivially for & = 1.
Assume the claim holds for £ — 1, where £ > 1. Since A is independent, by Theorem
2.2.13 {ay,...,ax_1} is linearly independent. It follows that a; A--- Aag_1 # 0. Suppose
al/\-~-/\ak:0.TODO. ]

Theorem 4.5.8 (Blades can be reshaped). Let A = {ay,...,a,} C V and B =
{b1,...,bx} C V be linearly independent sets of vectors such that span(A) = span(B).
Then there ezists a unique 5 € R\ {0}, such that

by A ANb = Bag A+ Aag). (4.5.16)

Proof. Since A is a basis for span(A), and B C span(A), there exists a unique o; € R*
such that

k
bi = Z&ij&j. (4517)
j=1

Now

k k
bl VANEIVAY bk = (Z aljlajl) VANCIVAY (Z aljkajk>

J1=1 Jr=1
k

k

— Z...Zaljl...akjk<ajl/\-.-/\ajk)
Jji=1 Jr=1

= > g g (ag, A Aag,).
J=(j1,--Jk) €0 (k)

=Y ) WVay g (e A Aa)
J=(j1,:dk) €0 (k)

=det([a,...,qx])(ar A -+ A ag).

(4.5.18)

Let 5 = det([ay,...,ax]). By Theorem 4.5.7, ay A -+ Aay # 0, and by A --- A b # 0.
Therefore £ # 0. []

Theorem 4.5.9 (Exterior products of vectors are exactly the blades). Let A, €
CI(V). Then Ay is a k-blade if and only if there exists A = {ay,...,ax} CV such that

Ak :al/\---/\ak. (4519)
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Proof. Assume Ay = ay---ay is a k-blade, where {a,...,a;} C V is an orthogonal set.
If Kk =0 or k =1, then the claim holds. Assume k > 1. By induction on the definition of
the wedge product,

al...ak:<a1...ak>k
= a A (oo a) (4.5.20)

=a; A+ A ag.

Assume Ay = a3 A -+ Aag, where A ={ay,...,a,} C V. If Ay =0, then Ay is a k-blade
by definition. If A, # 0, then Theorem 4.5.7 shows that A is linearly independent. By
Theorem 4.5.8 we may choose an orthogonal linearly independent set B = {b,...,by} C
V such that span(B) = span(A), and Ay = by A- - -Abg. Then, by the above, Ay = by ... by.
Therefore A;, is a k-blade. O

Theorem 4.5.10 (Exterior product is N-graded-commutative). If A, € CI(V) is
a k-vector, and By € CL(V) is an l-vector, then Ay A By = (—1)¥' By A Ay

Proof. By linearity, we only need to prove the result for k-blades. Let Ay = a; A+ - A ag,
and By = by A --- Ab, where A ={ay,...,ax} CV,and B ={by,...,b} C V. Assume
k=0, or [ =0. Then by Theorem 4.5.4

Ak NBy = AkBl
= BA, (4.5.21)
= Bl VAN Ak,

and the result holds. Assume k =1 = 1. By Theorem 4.4.3,

aq A bl = <(11b1>2

= (a1b1),
22-1) /- 4.5.22)
=(—1) 2 b (
o i),
= —(bia1),
== —bl A ay,

and the result holds. Assume £ > 1, and [ > 0. Then by associativity and repeated
swapping,
Ak/\Bl :Ak,l/\ak/\BZ
= (—1)lAk_1 A By A ay

= (=B, A Ay,

(4.5.23)
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Theorem 4.5.11 (Exterior product is Z,-graded-commutative). Let A € CI(V),
and B € CI(V'). Then

(A) L N (B), = +(B), A {A),,
A, N(B)_=4+(B)_N (A
(A), A(B)_ = +(B)_ A (4),, -
(AN (B), =+(B), A (A)_,
(AN (B)_=—=(B)_N{A)_
Proof.
[n/2] ln/2]
(A, A(B), = > A | A| D Bu
k=0 1=0
ln/2] n/2]
= Z Agp N\ By
k=0 1=0
= (—1)EREI By A Ay,
e = (4.5.25)
[n/2] [n/2]
= By N\ Agy,
k=0 1=0
[n/2] [n/2]
= By | A Z Aoy,
=0 k=0
= <B + A <A>+a
where we used Theorem 4.5.10. Similarly for other combinations. O

Theorem 4.5.12 (Exterior product is alternating for odd elements). Let A €
Cl(V). Then
(A)_N(A)_=0. (4.5.26)

Proof. This is immediate from Theorem 4.5.11. m

Theorem 4.5.13 (Exterior product from geometric product). Let a € V and
B e Cl(V). Then

UND — aB+Ba’
2 _ (4.5.27)
BAg— Ba;raB

Proof. By linearity we only need to prove the result for k-blades. Let By € CI(V') be a
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k-blade. By Theorem 4.4.12,

2(a A By) = 2(aBy), 4
= <<aBk - B\ka) + <aBk + Ek\a>>

k+1

_ <a3k _ Z}}a> + <aBk + Ek\a> (4.5.28)
k+1 k+1
= <aBk + Ea>
k+1
= CLBk + BkCL.
By Theorem 4.5.10,
2(Br Aa) =2(=1)*(a A By)
— (—1)¥(aBy + Bra) (4.5.29)
= Bka + CLB;.
O

Theorem 4.5.14 (Grade selection commutes with vector-preserving homo-
morphisms). Let f : G(V) — G(W) be an algebra homomorphism (algebra anti-
homomorphism). Then

F(A)) = (f(A)), (4.5.30)
if and only if f(V) C W.
Proof. We will prove the result assuming f is an algebra homomorphism; the proof for
the algebra anti-homomorphism is almost identical. Assume f(V) C W. By linearity we

only need prove the result for [-blades. Let A; = a; A --- Aa; € CI(V) be an [-blade,
where {ay,...,a;} C V. Now

fA) = flai A ANay)
= fla) A= A fla).

Then f(A;) is also an I-blade, since each f(a;) € W. Assume [ # k. Then f((4)),) =
0 = (f(A;)),, and the result holds. Assume [ = k. Then

F((Ar)) = f(Ag)

(4.5.31)

4.5.32
= (f(AR)) ( )
and the result holds. Assume f((A4),) = (f(A)), holds. Then in particular
fa) = (f(a));, (4.5.33)
for all a € V. Therefore f(V) C W. O

Theorem 4.5.15 (Vector-preserving homomorphisms are outermorphisms). Let
f:Cl(V) — CL (W) be an algebra homomorphism (anti-homomorphism). If f(V) C W,
then f is an outermorphism (anti-outermorphism,).
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Proof. We will prove the result assuming f is an algebra homomorphism; the proof for
the algebra anti-homomorphism is almost identical. By linearity we only need prove the
result for k-vectors. Let Ag, B; € CI(V') be a k-vector, and an [-vector, respectively. Then
by Theorem 4.4.3

f(Ax A By) = f({ArB1) )
= <f(AkBl) k-1 4.5.34
— A S By 4034
= f(Ar) A f(B1)
Therefore f is an outermorphism. O]

Example 4.5.16 (Outermorphism which is not an algebra homomorphism).
There are outermorphisms which are not algebra homomorphisms CI(V)) — CI(W). For
example, if f: G(V) — G(W) is an outermorphism such that fjy is not orthogonal, then
by Theorem 4.2.4 f is not an algebra homomorphism CI(V') — CI(W).

Theorem 4.5.17 (Non-zero exterior product implies linear independence for
non-scalar blades). Let {A;,..., Ay} C CI(V)\ R be a set of non-scalar blades, such
that Ay A - N A #0. Then {Ay, ..., Ax} is linearly independent.

Proof. Assume A; A --- A\ Ag # 0, and consider the equation

k
D A =0, (4.5.35)
=1

where o € R¥. Multiplying this equation by the exterior product with A; A -+ A 4;_;
from the left, and with A;;; A--- A Ay from the right gives

Since A; A --- AN Ay # 0, by the properties of a vector space a; = 0, for all j € [1,k].
Therefore {A1, ..., Ay} is linearly independent. ]

Example 4.5.18. The converse of Theorem 4.5.7 does not hold in full generality. For
example, while e; Aeg and eaAeg are linearly independent in CI(V)3, (e1Aea)A(eaAes) = 0.
However, Theorem 4.5.7 shows that the converse holds for vectors.

Remark 4.5.19. The exterior algebra G(V') is algebra-isomorphic to C1(V,0), where 0
is the zero function V2 — R.

4.6 Blades

Theorem 4.6.1 (Some k-vectors are always blades). Let V' be an n-dimensional
vector space. Then 0-vectors, 1-vectors, (n—1)-vectors, and n-vectors in G(V') are blades.

Proof. For 0-vectors and 1-vectors, the result is by definition. For n-vectors the result
is obvious, because n-vectors have dimension 1, and so are spanned by a single n-blade.
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Let A ={ay,...,a,} CV be a basis of V. Then each (n — 1)-vector A,,_; € CI(V) is of

the form

An—l :Zaz(al/\/\dz/\/\an), (461)
=1

where o € R”, and the check-mark denotes a missing factor. When n = 1, the (n —
1)-vectors are scalars, and so blades. Assume n > 2. Suppose for a moment that
g a1 # 0. We claim that A, _; can be rewritten as

n—1

Ay = ———— /\(Oéiﬂai + @ait1), (4.6.2)

Qg Q1 !

which directly shows that every (n — 1)-vector is an (n — 1)-blade. When n = 2, the
rewriting gives
A,_1 = aa; + aqas. (4.6.3)

Thus the result holds. Assume the result holds for (n — 1), where n > 2. First notice
that

1 n—2
ozn(al VANEEIVAY an—l) = ﬁ /\ aiaiH] A (Oénan_l)
27 Qno1 !}

(4.6.4)

1 n—2

= |— /\(ai-i-lai + iaii1) | A (anan—1).
a2 “ e an—l i:1

Then by induction
Ancy =) ailar Av- Adi A Aay)
i=1

[n—1
= Zai(al/\---/\di/\---/\an_l)] Aap+ap(ag A Aag_q)
L i=1

n—2

n—2
/\ (Qit10; + Q@) | A ayn +

1
a2 .. .an_Q

=

N -

3

Il
)
[\
—

—_

(Qip10; + @) | A (nn—1 + ap_1ay,)
c Q1

[
=l

n

1
—— N\ (10 + 04a;41).
(){2 Y an—l Z:1

(4.6.5)

Suppose now that a; = 0. Since all the remaining basis (n — 1)-blades contain the factor
a;, it can be factored out by the exterior product; similarly for all a; for which «; = 0.
What remains is a simplified problem of factoring (n — 1 — k)-vectors for a subspace of
dimension (n — k), where none of the factors are zero. Since by induction we know how
to do this, every (n — 1)-vector is an (n — 1)-blade. O
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Remark 4.6.2 (Non-blade k-vectors exists if and only if dim(V) > 3). By The-
orem 4.6.1, if dim(V') < 3, then all k-vectors of G(V') are k-blades. On the other hand,
if dim(V) > 3, then G(V') contains k-vectors which are not k-blades; take for example
e1 A es + e3 A ey, where {e1,...,e,} CV is linearly independent.

4.7 Scalar product
The scalar product is a function * : CI(V)? — R defined by

AxB= <A§> (4.7.1)

R
Theorem 4.7.1 (Scalar product is bilinear). The scalar product is bilinear.
Proof. The geometric product is bilinear, and the grade-selection operator is linear. [

Theorem 4.7.2 (Scalar product is symmetric). The scalar product is symmetric.

Proof. By linearity, we only need to prove the result for k-vectors. Let Ay, B; € CI(V)
be a k-vector, and an [-vector, respectively. By Theorem 4.4.3,

Ap% B, = <A{B§>O

—_—

- (B,
_ < E> (4.7.2)

- (s),

= Bl * Ak

[l

Theorem 4.7.3 (Scalar product on vectors). Let a,b € V. Then
axb=a-b. (4.7.3)

Proof. By Theorem 4.7.2,

2(axb) = axb+bxa (4.7.4)
= (ab), + (ba), (4.7.5)
= (ab+ ba), (4.7.6)
2(a - b). (4.7.7)
[l

Remark 4.7.4. Theorems 4.7.1, 4.7.2, and 4.7.3 show that the scalar product extends
the dot product - in V to a symmetric bilinear form in CI(V'). This makes the theory of
bilinear spaces, particular that of finite-dimensional ones, applicable in CI(V).
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Theorem 4.7.5 (Scalar product is zero for blades of different grade). Let Ay, B, €
CI(V) be a k-vector, and an l-vector, respectively. If k # 1, then

Proof. By Theorem 4.4.11, <AkE> = 0. O
0

Theorem 4.7.6 (Determinant formula for the scalar product of blades). Let
Ay, By € Cl(V) be k-blades such that Ay, = ay - - - a, and By, = by - - - by, where {aq, ..., a;} C
Voand {by,..., b} CV are orthogonal sets of vectors. Then

al'bl al'bk
ak'bl ak'bk

Theorem 4.7.7 (Scalar product for k-versors). Let A = a;---ap € ClI(V) be a

k-versor, where {ay,...,ar} CV is a set of vectors. Then
k
A*A:Hai-ai. (4.7.10)
i=1
Proof.
AxA=({AA
#A= (AR),

= <a1...akak...a1>0

k
=1

k
= | |CLZ‘ cAj.
i=1

]

Theorem 4.7.8 (Scalar product is positive-definite exactly when the dot prod-
uct is). The scalar product is positive-definite (positive semi-definite) if and only if - is
positive-definite (positive semi-definite).

Proof. By linearity, and Theorem 4.7.5, we only need to prove the result for k-blades. As-
sume - is positive-definite. Let Ay = a;---a, € CI(V) be a k-blade, where {ay, ..., a5} C
V' is an orthogonal set of vectors. Then A; # 0 implies aq, ..., a # 0. By Theorem 4.7.7
and positive-definiteness of -,

k

i=1
Therefore the scalar product is positive-definite. Assume - is not positive-definite. Then
there exists an a € V'\ {0} such that a-a < 0. By Theorem 4.7.3, a-a = a*a. Therefore
the scalar product is not positive-definite. The proof for the positive semi-definite case
is similar. O
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Theorem 4.7.9 (Vector-preserving homomorphisms are orthogonal). Let f :
Cl(V) — CI(W) be an algebra homomorphism such that f(V) C W. Then f is orthogonal.

Proof. By Theorem 4.4.3,

= <f<A§)>0 (4.7.13)
=1((45),)
= f(Ax* B)
=AxB.
Therefore f is orthogonal. O

Remark 4.7.10. Theorem 4.7.9 generalizes Theorem 4.2.4 for the dot product to the
scalar product.

Theorem 4.7.11 (Versor inverse is also an inverse of the scalar product). Let
B € Cl(V) be a k-versor such that B x B # 0. Then % 15 an inverse of B with respect
to *.

Proof. 5 BB
*

BxB B
% — — 1 — —
BxB BxB

B “B+xB BB

1

B. (4.7.14)
0

Remark 4.7.12. The inverse of an invertible k-versor B € CI(V) with respect to the

scalar product, given in Theorem 4.7.11, equals the inverse of B with respect to the
geometric product, given in Theorem 4.3.2, since B x B = <BB> = BB. However,

0
the inverse for the scalar product is not unique (scalar product is not associative). For

example, if a,b € CI(R?*?), with a = e;, b =e; + aey, and a € R, thena-b=1=1b"aq,
no matter what « is.

4.8 Contraction

The left contraction is a function | : CI(V)) — CI(V') defined by

A|B= S0y (AeBy),_,. (4.8.1)

k=0 1=0

The right contraction is a function | : CI(V)) — CI(V') defined by

A|B= Zn: Zn:<AkBl>k,. (4.8.2)

k=0 1=0
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The inner product is a function - : CI(V') — CI(V') defined by

A-B=> " (AB),_y (4.8.3)

k=0 1=0

Remark 4.8.1 (Using both contractions is unnecessary, but provides symme-
try). It is enough to use either the left or the right contraction in derivations. For this
reason, it is often just the left contraction which is defined, and then it is called the
contraction. However, using both reveals symmetry in equations and is sometimes more
convenient in derivations; this is why we define them both. This is similar to the use of
both less-than and greater-than.

Theorem 4.8.2 (Contraction is bilinear). Contraction is bilinear.
Proof. Geometric product is bilinear, and the grade selection operator is linear. ]
Remark 4.8.3. Contraction is not associative or commutative.

Theorem 4.8.4 (Right contraction to left contraction). Let Ay, B, € CI(V) be a
k-vector, and an l-vector, respectively. Then

Ay | By = (—1)* 0B | Ay (4.8.4)
Proof. By Theorem 4.4.3,

Ay | Bi = (AxBi)y,_

P
—_—

= <AkBl>k: l

kll)

AkBl>

BlAk>

(k l)(k - 1)<

(- 1)(k HICRE )l(l 1>( 1)k<k 5 (BAY, (4.8.5)
= ()TN )T B A
_ (—1)FHERRp | A,
— (—1)FRR B | A,
= (_1)1(17k)BlJ Ay,
— (1), | Ay,
where we used the identities (—1) = (=1)F = (=1)7% = (=1)*%. O

Theorem 4.8.5 (Contraction of a scalar). Let « € R and B € CI(V). Then

a| B=aB

B|oob. (4.8.6)
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Proof. By linearity we only need to prove the result for the k-vectors. Let By € CI(V)
be a k-vector. Now

OéJ Bk = <OéBk>k

4.8.7
By Theorem 4.8.4,
B = (-1’ | B
ela=(1 a] B (4.8.8)
= CYBk.
O

Theorem 4.8.6 (Contraction on a scalar). Let A € CI(V), and f € R. Then
A B = B{A)
BlA= 5<A>0-

Proof. By linearity we only need to prove the result for the k-vectors. Let Ay € CI(V)
be a k-vector. Now

(4.8.9)

Ap) 4 (4.8.10)
By Theorem 4.8.4,

= (—1)"B(Ap), (4.8.11)

since the result is non-zero only if k£ = 0. O]

Theorem 4.8.7 (Contraction between k-vectors of the same grade). Let Ay, By, €
Cl(V') be k-vectors. Then

AkJBkZAk*BNk

— (4.8.12)
Proof.
A | B, = (ALB

o] Br = (4B (4.8.13)

By Theorem 4.8.4,

By | Ay = (-1 A, | B

kL Ae = (CUTA B (4.8.14)
n
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Theorem 4.8.8 (Contraction from the geometric product). Let a € V and B €
Cl(V). Then

B-B
a|B=22"721¢

. 24@ (4.8.15)
BL@: CL;CL

Proof. By linearity we only need to prove the result for k-blades. Let By € CI(V) be a
k-blade. By Theorem 4.4.12,

2
<
= <CLBk - Bka>k_ + <aBk + Bka>k_1 (4.8.16)
= <aBk — E\ka>
k-1
= &Bk — Bka.
By Theorem 4.8.4,
2(Bx [ a) = (-1)"""2(a ] By)
= (="' (aBy, — Bya) (4.8.17)
= Bka — aé\k.
0
Theorem 4.8.9 (First duality). Let A, B,C € CI(V). Then
(AANB)|C=A](B]C) (48.18)

C(BAA)=(C|B)|A

Proof. By linearity we only need to prove the result for k-blades. Let Ay =a; A---Aag €
Cl(V') be a k-blade, where {ay,...,ar} CV , and C,, € Cl(V) be an m-blade. First note
that o

<%A@%40@> —0. (4.8.19)

m—k
This is trivially true when & > m. If & < m, then the lowest grade is given by Theorem
4.4.11 as m — k + 2, which is greater than the selected grade m — k. By Theorems 4.5.13
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and 4.8.8,

A | Cpo = (ACri),.
= ((Ag-1 A ag)Crn)

m—k

- (Ao a0

m—k
1 —~ - o

= §<Ak—1akcm — A1 Crar, + A1 Crpay, + akAk—10m>

:<AFN%JQQ+«%ACQZQM»

= (Ap-1(ay, | Cm)>(m—1)—(k—1)
= A1 | (ar ] Cn)

m—

m—k

=) (] (0] C) o).
Let By=a; A--- Ab € CI(V) be an [-blade, where {by,...,b;} C V. Then

(A AB1) | O = ar ] (- (a ] (br ] -+ (b ] C) -+
=ar ] (- (e ] (B Cn))---)
= A ] (B ] C).

By Theorem 4.8.4,

Con [ (BN Ay) = (1) (BN Ay) | G,
:( 1) (I4+k)(m+1) ( 1)lk(Ak /\BZ)J on
:( 1)l+k m+1( 1)lkAkJ( C )
= (=1)EREED )= A | (Con | BY)
:( 1) (I+k)( m+1( 1)1 ( ) m+1)( l)k(m+l+1)(cm LBl) LAk
:( 1) (I4+k)( m+1( 1)1 m+1)< ) (m+1)(C LBl> LAk
= (—1)h ’”*”( DEREIN(C,, | B) | Ay
=(CnlB) A

(4.8.20)

(4.8.21)

(4.8.22)

]

Theorem 4.8.10 (Contraction of a vector with a geometric product). Leta € V,

and By, ...,By € CI(V). Then
k: —~ —_—
a](Bi---By) = ZBl"'Bi—l(aJ Bi)Biy1 -+ By

k
(BlBk) LGZZBle—l(BZ L(I)BH—IBk
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Proof. The result holds trivially for £ = 1. Assume k > 1. By Theorem 4.8.8 and
induction,

—

2a | (By-+By)) =a(By - By) — Bi -+ Bra
= (CLBl s kal)Bk — (Blﬁk,la)Bk + (Blﬁk,l)ab’k — (Blﬁk,l)aa
= (CLBl cee Bk,1 — Bl-/--Ek,la)Bk -+ (Bl'/"Ek,ﬁ(aBk — 1/3;@)

—

= Q(CLJ (Bl s Bk_1>>Bk + 2(31 tet Bk_l)(aJ Bk)

k
= 22 B1 tee B,;_l(aj Bi)Bi—l-l tee Bk
i=1

(4.8.24)
Again, by Theorem 4.8.8,
(Bi---By) la=a] (B By)
k
—N"B,---B;, (a| B)Bi+:---Bn
; ' 1@] B)Buga - B (4.8.25)
k —_— —_
= Z By 'Bi—l(Bi La)Bi+1 -+ By,
i=1
O

Remark 4.8.11 (Varying definitions for the contraction). The literature uses vary-
ing definitions in place of the (left) contraction. These definitions agree in common cases,
but differ in corner cases. It has been argued in [3] that the definition we give is the
most natural one, and also produces more information than the others. We shall now
review some of these commonly used definitions. The fat-dot product [2] is a function

op : Cl(V) — CI(V) defined by

AepB= Zn: i(AkBmk'. (4.8.26)

k=0 1=0

If Ay, B, € Cl(V) are a k-vector, and an [-vector, respectively, then

Ap | B ifk <1

‘ (4.8.27)
Ak LBZ if k> 1.

Ak'DBl:{

Since Ay | B; = 0 for k > [, it may at first sound like a good idea to fill in the zeros
with something more useful. However, this misses the fact that the 0 result is itself
geometrically meaningful; it means that not all of Ay is contained in B;. Therefore the
fat-dot product produces less information than the left or the right contraction. This
is especially problematic in a computer implementation of geometric algebra, where the
grades of the blades may be impossible to know in advance because of rounding errors.
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This results in the need to branch based on the grades of the blades to recover the lost
information. The Hestenes’s inner product [4] is a function ey : CI(V) — CI(V)
defined by

n n
Aoy B=> Y (AB)_y. (4.8.28)

k=1 I=1
It is otherwise equal to the fat-dot product, but it is zero when either argument is a
0-blade. In addition to missing the geometric significance of the 0-result, the Hestenes
inner product misses the geometric signifance of the left contraction with a scalar (a

0-blade). Again that information must be recovered by branching on the grades of the
blades. Suppose k,l > 0. Then

AkJBl:Ak.DBl:Ak.HBla 1fk§l, and

4.8.29
AkLBl:Ak.DBl:Ak.HBla lfk‘>l, ( )

which shows that the definitions agree on most of the cases. Only the left contraction
and the right contraction produce the full amount of information.

4.9 Interplay

This sections contains theorems which relate the different products together.

Theorem 4.9.1 (Geometric decomposition). Let a € V and B € CI(V). Then

aB=a|B+aAB

(4.9.1)
Ba=B|a+ BAa.

Proof. By linearity, we only need to prove the result for k-vectors. Let By € CI(V') be a
k-vector. By Theorem 4.4.10,

aBy = (aBy),_, + (aBr) 44

(4.9.2)
=a | By + a A By.

[]

Theorem 4.9.2 (Exterior product of a vector with a geometric product). Let
a€V,and By,...,By € Cl(V). Then

k-1

> (Bie+ Bia) (@] BB+ By)

=1

an (B By) = + (BB ) (a A By)

k

> (B B)(Bi La)(Br - By)

=2

(Bi-Bi) Aa= (B Aa)(By-+-Bi) +

(4.9.3)

Proof. The result holds trivially for £ = 1. Assume k > 1. [

80



Theorem 4.9.3 (Contraction of a vector with an exterior product). Let a € V,
and By, ...,By € CI(V). Then

k
al(BiA-ABy) :Z<E\1/\~~AE:> Aa| B;) A (Bizi A -+ A By)
o (4.9.4)
(BiA-ABy) la=Y (BN ABiy) A(B; [ a) A (E:lA---A/BD.
=1
Proof. Theorem 4.8.10 works in particular for k-blades. m

Theorem 4.9.4 (Geometric inverse is an inverse of contraction). Let A, € CI(V)
be an invertible k-blade. Then

Ay | AN =1= A" | A, (4.95)
AN Ay =1= A | A o
Proof. By the definition of the left contraction
Ap J AT = (A4,
=1
. (4.9.6)
- <Ak Ak>o
= A A
Similarly for the right contraction. [l

Remark 4.9.5. As with the scalar product, the contraction inverse given in Theorem
4.9.4 is not unique (contraction is not associative). The same example applies as with
the scalar product.

4.10 Span
The span is a function CI{(V') — P(V') defined by
span(A) = {x € V: a2 N A= 0}. (4.10.1)

A multi-vector A € CI(V') is called reducible, if there exists a € V', and B € CI(V'), such
that
A=aAB. (4.10.2)

A multi-vector is called irreducible, if it is not reducible.

Theorem 4.10.1 (Span is a subspace). Let A € CI(V'). Then span(A) is a subspace
of V.

Proof. Let a,b € span(A), and «, 5 € R. Then

(va+Pb)NA=a(aNA)+BOONA)

o (4.10.3)

Thus aa + b € span(A). Therefore span(A) is a subspace of V. O
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Theorem 4.10.2 (Span is intersection of grade spans). Let A € CI(V'). Then
n—1

span(A) = ﬂ span(Ay). (4.10.4)

Proof. Assume a € span(A). Then

aman($4)

k=0

= zn:a/\Ak.
k=0

Suppose this sum has non-zero terms. These terms are linearly independent, since they are
k-vectors of different grade. By definition they can not then sum to zero; a contradiction.
Therefore, if a A A = 0, then

(4.10.5)

anA,=0, (4.10.6)

for all k£ € [0,n]. Since a A A,, = 0 always holds, we may sharpen this to k € [0,n — 1].
Therefore a € (j—y span(A). Assume a € ();—span(A;). Then a A A, = 0, for all
k € [0,n — 1], and it follows that a A A = 0. Therefore a € span(A). O

Theorem 4.10.3 (Invertible outermorphisms preserve span). Let A € CI(V), and
f:Cl(V)— Cl(V) be an invertible outermorphism. Then

span(f(A)) = fiv(span(A)). (4.10.7)
Proof.
span(f(A)) ={z €V :z A f(A) =0}
={z eV f(f (@) A f(A) =0}
={zeV:f(fx)A A) =0} (4.10.8)
={zeV:f(z) ANA=0}
= fiv(span(A)).
[
Theorem 4.10.4 (The common involutions preserve span). Let A € CI(V'). Then

span(zzl\) = span(A),
span(ﬁ> = span(A), (4.10.9)
span(A) = span(A).

Proof. Since grade involution, reversion, and conjugation are all invertible outermor-
phisms, by Theorem 4.10.3

span <ﬁ> = —span(A) = span(A),

span (A) = span(A), (4.10.10)

span(A) = span (E) — span(A).
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Theorem 4.10.5 (Span by vectors). Let Ay = a; A--- Aay € CI(V) be a k-blade,
where {ay,...,ar} CV, and Ay # 0. Then

span(Ay) = span({ay, ..., ax}). (4.10.11)

Proof. Since Ay, # 0, {a1,...,a;} is linearly independent by Theorem 4.5.7. Let z € V.
Then

x € span(Ay)
Sz A A, =0 (4.10.12)
SrAag AN Na, = 0.

This is equivalent to {z}U{ay, ..., a;} being linearly dependent by Theorem 4.5.7, which
is equivalent to x € span({ay,...,ax}) by Theorem 2.2.23 . O

Example 4.10.6. Theorem 4.10.5 does not hold when A, = 0. For example, consider
B = {e1,2¢ey,...,ne1} € V. C Cl(V),, for n > 1. Then span(B) = span(e;), but
span(Ay) = span(0) = V.

Example 4.10.7. For a € R, a # 0, span(a) = {0}. However, span(0) = V.

Theorem 4.10.8 (Blade factorizability is equivalent to non-trivial span). Let
A € CLI(V)\ {0} be a k-blade, and a € V' \ {0}. Then a € span(Ay) if and only if there
exists a (k — 1)-blade Ax_1 € CI(V') such that

Ak =a Ak—l- (41013)

Proof. Assume a € span(Ay). By Theorem 4.5.9, there exists a set A = {ay,...,a5} CV
such that
Ak :al/\'--/\ak. (41014)

Since Ay # 0, by Theorem 4.5.7 A is linearly independent. Since a € span(Ay), by
Theorem 4.10.5 a € span(A). Let B = {a,bs,...,by} C V be linearly independent such
that span(B) = span(A). Then by Theorem 4.5.8 there exists a unique 5 € R\ {0} such
that

A =BlaNby A+ Nby)

=aA((Bb) A~ Aby). (4.10.15)

We may then choose Ay_; = (Bbs) A -+ A by. Assume there exists Aj_; such that
Ak =a Ak;—l' Then

aNAy=(aNa) N Ay

4.10.16
0 ( )
Therefore a € span(Ay). O

Theorem 4.10.9 (Irreducible multi-vectors have trivial span). Let A € CI(V) be
wrreducible. Then

span(A) = {0}. (4.10.17)
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Proof. O]

Theorem 4.10.10 (Span of k-vectors). Let A, € CI(V)\{0} be a k-vector, B, € CI(V)
be an l-blade, and C,,, € CI(V') be an irreducible m-vector, such that

Ay, = By A Gy, (4.10.18)

Then span(Ay) = span(By).

Proof. Let n = dim(V'). The claim is trivial for m = 0. Assume m > 1. By Theorem
46.1n>4,and k € [2,n — 2]. Assume z € span(B;). Then = A B; = 0, and

a;/\(Bl/\Cm) (x/\Bl)/\Cm

4.10.19
0 ( )

Therefore = € span(Ay). Assume z ¢ span(B;). Then x A B; is a non-zero (I + 1)-blade.
Since C,, is irreducible, it can not have n

Theorem 4.10.11. Let A € CI(V) \ {0}. Then a € span(A) \ {0} if and only if there
exists B € Cl(V') such that
A=aAB. (4.10.20)

Proof. Let A = Cy A D, where C), € CI(V) is a k-blade of maximal grade, and D € CI(V).
Then D must contain at least one grade D; which can not factor out a non-zero vector.
By Theorem 4.10.8 span(D,;) = {0}. By Theorem 4.10.2, span(D) = {0}. It follows that
span(A) = span(Cy). The result follows from Theorem 4.10.8. O

Theorem 4.10.12 (Span of non-zero exterior product is direct sum of factor
spans). Let Ay, B; € CI(V') be a k-blade, and an l-blade, respectively, such that Ay N\ By #
0. Then

span(Ag A\ By) = span(Ay) + span(By). (4.10.21)

Proof. Decompose Ay = ay A---Aayg, and By = by A--- Ab, where A = {ay,...,a,} CV,
and B = {by,...,b;} C V. Since Ay A B, # 0, by Theorem 4.5.7 AU B is linearly
independent. By Theorem 4.10.5,

span(Ax A By) = span({ay, ..., ax, b1,...,b})
= span({ay, ..., ar}) + span({by,...,b}) (4.10.22)
= span(Ag) + span(B;).

]

Theorem 4.10.13 (Second duality). Let A, C,,, € CL(V) be a k-blade, and an m-blade,
respectively, such that span(Ay) C span(Cy,), and B € CI(V). Then

A A (B Cw) = (A | B) | Ci. (4.10.23)
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Proof. By linearity we only need to prove the result for blades. Let Ay =a; A---Aag €
CI(V) be a k-blade, where {ay,...,ax} C V, B, = by A --- A b, be an [-blade, where
{b1,...,0y CV,and C,, = ¢; A - A¢y, be an m-blade, where {ci, ..., ¢} C V. Assume
Ar € R. Then the result holds trivially. Assume C,, € R, C,, # 0. Then, because
span(Ay) C span(C,,), also Ay € R, and thus the result holds. On the other hand,
if C,, = 0, then the result holds trivially. Assume B; € R, B; # 0. Since we may
now assume A, ¢ R, Ay | B, = 0. On the other hand, since span(A;) C span(C,),
Ar A C,, = 0, and thus the result holds. The result holds trivially for B; = 0. Assume
from now on that none of A, B, or C,, is a scalar. We will prove the result by repeated
induction. Assume k =1 =m = 1, and span(ay) C span(c,,). Then a; = ac,,. Now

ap N (b | em) = cm A (b | ag)
= ¢ (bi | ar)

Assume the result holds for £ = 1, 1 = 1, and m — 1, with m > 1, and that span(a;) C
span(Cy,). Then by Theorem 4.10.12 either span(ay) C span(Cy,_1), or span(ay) C
span(c,,). Assume the former; then ay AC,,—1 = 0, which by Theorem 4.10.4 is equivalent
to ak/\C{m: = 0. Now

ag A (b ] Crm) = ax A (b ] (Crae1 A c))
=ai N ((le Cm—l) N Cp + <C{7n: A (le Cm)>>
=ar A (b | Cruet) A (4.10.25)
= ((ax ] ) | Cout) A
= (ar ] ) (Crny A cm)
= (ax ] b)(Cn).

Assume instead that span(ay) C span(c,,); then a; A ¢,, = 0, and in particular a; = acy,.
Now

ag A (by | C) = ai A ((le Crn1) A Con + (C/m\_l A (b ] cm>))
= ax A Co 1 A (b ] )
— e A Cry A (b ) ax)
= mfl/\Cm/\(CLkJ bl)
:Cm/\(akj bl)
= ((lkJ bl)/\Om

(4.10.26)
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Assume the result holds for k =1, and [ — 1, with [ > 1. Then

(ax | Bi) | O = (ax | (Bii Aly)) | O,

A
b ((MBH)JO ) (akaz)<Bl 1] Cn)
=t ) (@A (Bra ) Cn)) + (an J o) (B | Cn)

(4.10.27)
Assume the result holds for k — 1. Then
Ak A\ (BZJ Cm) = (Ak—l A CLk) A (BlJ Cm)

. (a” (@:J Bz)) |C, (4.10.28)

]

Theorem 4.10.14 (Geometric product is sometimes contraction). Let Ay, B, €
Cl(V) be a k-blade and an l-blade, respectively. If span(Ay) C span(B;), then

AB = Ay | B, (4.10.29)

Proof. Let B, = by A -+ A by, where {by,...,b} C V, which we may assume to be
orthogonal by Theorem 4.5.8. Since span(Ay) C span(B;), Ay = a3 A -+ A ay, where
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!
a; = ZFl a; ;b;, and «; ; € R. Now

! !
ApBr = ((Z al,jlbj1> ARERNA (Z Oék;kajk) ) (by A= Aby)
=1 Jr=1

l l
:Z Zaljl' ak]k /\"'/\bjk)(bl/\"'/\bl)

- Z gy g (bjy Ao Abs ) (b A A DY) (4.10.30)

g1, dr =k

= Z ayjy by, by by by
{g1,--di =k

= <AkBl>sz

= A | By,

where we also used Theorem 4.5.9. OJ

4.11 Dual

Let B; € CI(V) be an invertible I-blade. The dual on B is a function "t : Cl(V) —
Cl(V) defined by
AP =A | B~ (4.11.1)

If B, € CI(V) is an [-blade, then we will denote

span(A) P = span(A)"PB), (4.11.2)
A pseudo-scalar of a subspace S C V' is any [-blade B; € CI(V') such that span(B;) = S.
Theorem 4.11.1 (Dual is linear). The dual is linear.

Proof. The contraction is bilinear, and therefore in particular linear in its first argument.
O

Remark 4.11.2. If Ay, B, € CI(V) are a k-blade and an invertible [-blade, respectively,
and span(Ay) C span(B;), then by Theorem 4.10.14

AP = ALB (4.11.3)

Theorem 4.11.3 (Span of the dual). Let Ay, B, € CI(V) be an invertible k-blade, and
an l-blade, respectively. Then

span(Ax) ™ = {y € span(B,) : y | A, = 0}. (4.11.4)
Proof. Let x,y € V such that 2 A A, =0, and y | Ay = 0. Then by Theorem 4.8.10,

yl(@ANA) = (y]2)Ax —x(y | A
= (y - x)Ay (4.11.5)

Since Ay, is invertible, z - y = 0. If in addition y € span(B,), then y € span(Ay)" ™. O
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Theorem 4.11.4 (Span of dual is orthogonal complement of primal span). If
Ay, B € CI(V) are a k-blade and an invertible [-blade, respectively, then

span( A7) = span(Ag)™. (4.11.6)

Proof. Assume y € span(Ak)lkBl. By Theorem 4.11.3, y € span(B;), and y | Ay = 0. Then
by Theorem 4.10.13

yA(A ] B = (y ] Ay | B

0 (4.11.7)

\FBZ) IFBZ)

Therefore y € span (Ak. . Assume y € span (A;€ . Then y € span(B;). By Theorem

4.10.13 and Theorem 4.10.14,
yA(Ae | B =(y] Av) | B
(

= (y | Ay)B;* (4.11.8)
=0.
Since B is invertible, y | Ay = 0. Therefore y € span(Ak'FBl). n

Theorem 4.11.5 (Inverse of the dual). If A, € CI(V) is a k-blade, and B, € CI(V)
is an invertible l-blade such that span(Ay) C span(By), then

1 _I\FB
(A7) = Ay = (BT ) (4.11.9)
Proof. By Theorem 4.10.13, and Theorem 4.9.4,

(Ak\FBl)\FBl_l _ (Ak:J Bl—l) J Bl

= AN (B ] B)
— A,
— oA (B ) BT (4.11.10)
= (A4 ] B) | B!
_ <Ak|FBl_1>FBl.
]

Example 4.11.6. Let u,v € V be invertible vectors in CI(V'), with u - v = 0, and
By =uAv. Let a = au+ fv € span(By) = S, for some a, f € R. The dual of a on By is
given by

d"B = o | By

=a|(uAv)!

a] (w)™
=al (@ ut) (4.11.11)
=a| (! Au)

=(a-v Hu—(a-u

= fu — aw,
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where we used Theorem 4.9.3. Now a"?2 € S, and "2 -a = 0. Let Ay = aB,. The dual
of Ay on B is given by

AQH—BQ — A2J B;l

= (aBsy) | B;*
(aBz) ] 72 (4.11.12)
= .
The dual of & € R on Bs is given by
kB _ o | B-1
o =alb (4.11.13)

_ . p-1
=ab,; .

In general, we conclude that if A, € CI(V) is a k-blade such that span(Ax) C S, then
AP has span(Ak)‘FS C S, and a well-defined orientation and magnitude.

4.12 Commutator product

The commutator product is a function x : CI(V)? — CI(V') defined by

1

Ax B =5(AB— BA). (4.12.1)

Remark 4.12.1. The commutator product of A € C{(V) and B € CI(V) is zero if and

only if A and B commute with respect to the geometric product. This explains the name.

Theorem 4.12.2 (Commutator product is bilinear). The commutator product is
bilinear.

Proof. The geometric product is bilinear. O

Theorem 4.12.3 (Commutator product anti-commutes). Let A, B € CI(V'). Then

Ax B=—-Bx A. 4.12.2
( )
Proof.
2(Ax B)=AB — BA
— —(BA— AB) (4.12.3)
= —-2(B x A).
O

Theorem 4.12.4 (Jacobi identity for the commutator product). Let A, B,C €
Cl(V). Then
AX(BxC)+Bx(CxA)+Cx(AxB)=0. (4.12.4)
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Proof.

4(A x (B x C)) = ABC — ACB — BCA+ CBA
A(B x (C' x A)) = BCA— BAC — CAB + ACB (4.12.5)
4(C' x (A x B)) = CAB — CBA — ABC + BAC.

Adding these equations together proves the claim. O]

Remark 4.12.5. The commutator product is not associative, but instead satisfies the
Jacobi identity, as given in Theorem 4.12.4.

Theorem 4.12.6 (Commutator product over a geometric product). Let A €
Cl(V), and {By,..., By} CCI(V). Then

k
A x (BlBk) :ZBlefl(AXBz)BZJrlBk
- (4.12.6)
(BlBk) X A:ZBIBZ—I(BZ X A)Bz—l—lBk

i=1

Proof. The result holds trivially for £ = 1. Assume the result holds for k£ — 1, where
k > 1. Then by induction

AAx (B By)) = A(By -+ By) — (Bi--- By)A
= [A(By -+ Bx-1)By, — (B1 -+ By1)ABy] + [(B1 -+ - By-1)ABy, — (B1 -+ By_1) By A
= 2(A X (Bl s Bk_1>>Bk + 2(31 s Bk_l)(A X Bk)

k-1
=2 Z B1 s Bi_l(A X Bz’)Bi—l-l cee Bk—lBk -+ Q(Bl s Bk_l)(A X Bk)
=1

= QZBl . 'Bi—l(A X Bi>Bi+1 . Bk

(4.12.7)

The latter claim follows from the skew-symmetry of the commutator product. m
Theorem 4.12.7. Let a € V, and B € CI(V'). Then

axB=a|By+aNB_. (4.12.8)

4.13 Orthogonality

Let B={ey,...,en} CV,and I = {iy,...,ix} C [1,n], where 0 < k <mn,and 1 <i; <
-+ <14 <n. Then e; :=¢;, ---¢;, is called an ordered k-versor in B.

Remark 4.13.1. The ordered k-versor in B is my own terminology.

Theorem 4.13.2 (Orthogonal non-null set has linearly independent ordered
versors). If B = {by,...,by} C V is an orthogonal non-null set, and k > 2, then the
ordered versors in B are linearly independent.
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Proof. First decompose

Z arby = Z arbr + Z arufkybrbk

IC[1,K] IC[1,k-1] IC[1,k—1]

) (4.13.1)
= Z (Oq—O—OqU{k}(—l)‘ |bk)b].
IC[1,k—1]
Assume
Z Oé[b[ =0
IC[1,k]
4.13.2
(o + (—D)Hp Jor =0 ( )
- 1+ o (=1)7b,) by
IC[1,k—1]

Multiplying from the left by b,b;, and from the right by Zﬁlg’; , Where 7 < k, is an invertible

operation which gives

& Y (—ar+anm(=D",)b = 0. (4.13.3)

IC[1,k—1]

Therefore, by the sum and difference of the previous equations, we obtain

= Z arby =0 and

feh= (4.13.4)
> (=)Mbb, =0,
1C[1,k—1]
which, by multiplying the second equation with Z—g‘ from the right gives
s Z arby =0 and
feth=d (4.13.5)
Z arugrybr = 0.
1C[1,k—1]

Therefore, {b;}rcpk C CI(V) is linearly independent if and only if {b;};cj1e—1) C CU(V)
is linearly independent. Since our proof makes use of both b; and b, the base case is to
prove {bp, br13} C CI(V') linearly independent. Let

Ckobo + Oélbl = O, (4136)

where we used 0 and 1 instead of () and {1}. Since k > 2, by exists. Multiplying Equation
4.13.6 from the left by by, and then from the right by by, and summing up, we get ag = 0,
which implies a; = 0. Therefore B is linearly independent. O

Theorem 4.13.3 (Ordered versors of a singleton set may be linearly indepen-
dent). If {e;} C V' \ {0}, and ey - e; <0, then {1,e1} C CI(V) is linearly independent.
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Proof. Let

apeo + e = 0. (4.13.7)
If ap = 0, then oy = 0 by the definition of a vector space, and vice versa; assume both are
non-zero. Then e; = —£%¢, and it follows by squaring that e; - e; = Z—% > (. Therefore,
if e; - e; <0, this is a contradiction, and the result holds. O

Remark 4.13.4 (Ordered versors of a singleton set may be linearly dependent).
If {e;} € V is a basis of V, and e; - e; > 0, then {1,e;} C CI(V') needs to be required
linearly independent; it can not be proved as such.

Theorem 4.13.5 (Ordered versors of an orthogonal non-null basis of V is a
basis of CI(V)). Let B C V be an orthogonal non-null basis of V. Then the ordered
versors in B form a basis of CI(V).

Proof. The B is linearly independent by Theorem 2.3.3. TODO. ]

Theorem 4.13.6 (Clifford algebra can be implemented on a computer). Clifford
algebra CL(V ), q.r is algebra-isomorphic to CI(RP9T).

Proof. Let {ey,...e,} C RP?" be the standard basis, where n = p + ¢ + r. By Theorem
2.5.2, there exists an orthonormal basis B = {b;,...,b,} C V such that the dot product
- is of the required form on the vectors of B. Let f : R® — V be a linear function
such that f(e;) = b; (which is then bijective). Then this function can be extended to
an algebra isomorphism ¢ : CI(V) — CI(RP%") by requiring linearity, ¢y = f, and
¢ar---ap) = ¢(ar) - - d(ar). [
Remark 4.13.7. By Theorem 4.13.6, it may seem that CI(RP?") is all you need, and
that everything else is just notation. This is true. However, concentrating on CI(RP?")
brings back not only the temptation for coordinate-dependent proofs (since it has an
orthogonal basis for V'), but also for proofs which depend on the specific form of the dot
product. This has the effect of hiding structure in proofs, something which we want to
avoid.

Theorem 4.13.8 (Center of a Clifford algebra). Let I,, € CI(V) be a non-zero n-
blade. Then

R, if dim(V') is even,
{a+pL,:a,p €R},  if dim(V) is odd,

Proof. Let B = {by,...,b,} C V be an orthogonal basis of V', and A € Center(CI(V)).
Let I C [1,n], such that () # I # [1,n]. Let i € I, and j € [1,n] \ I. Then

brbib; = (—1)T=1b;b1b;
= (=)= (=1)"b;0,0; (4.13.9)
- —blb]b]
Therefore by ¢ Center(Cl(V)). Clearly by € Center(CI(V')). Let J C [1,n]. Then
by = (—1) WDy
- (_1)IJ\(n—1)be[Ln]_
Thus by ,,) € Center(CI(V)) if and only if n is odd. O

Center(CI(V)) = { (4.13.8)

(4.13.10)
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4.14 Magnitude
The magnitude in CI(V') is a function ||-|| : CI(V) — R defined by

[All= v[A* Al. (4.14.1)

Remark 4.14.1. Sometimes the magnitude is also called the weight. However, this choice
conflicts with another concept in those models of geometry which incorporate the point
at the origin. Following [4], we choose the term magnitude to avoid such confusion.

Theorem 4.14.2 (Norms from bilinear forms). The ||| is a norm (semi-norm) if
and only if - is positive-definite (positive-semi-definite).

Proof. By Theorem 2.9.8 ||-|| is a norm (semi-norm) if and only if the scalar product is
a definite (semi-definite) symmetric bilinear form. By Theorem 4.7.8, the scalar product
* is positive-definite (positive-semi-definite) if and only if - is positive-definite (positive-
semi-definite). O

Remark 4.14.3. In R?? if p=1and ¢ > 0, or p > 0 and ¢ = 1, (e.g. the space-time of
special relativity) the corresponding function y/|a - a| is sometimes called the Minkowski
norm (not to be confused with the L,-norms), although this function fails the triangle
inequality. We use the term magnitude instead to avoid confusion.

Theorem 4.14.4 (Orthogonal functions preserve magnitude). Let f : CI(V) —
CU(W) be orthogonal. Then
1A (A = [IA]l (4.14.2)

Proof.

1 (A = [£(A) * f(A)]
= |Ax Al (4.14.3)
= || A]%,

[]

Remark 4.14.5. In particular, Theorem 4.14.4 applies to grade involution, reversion,
and conjugation.
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4.15 Exponential and trigonometric functions

Let R be a topological associative unital R-algebra. The exponential, sine, cosine,

hyperbolic sine, and hyperbolic cosine are functions R — R defined by

.
A=Y

i=0

o0 A2i+1
sin(A) = —1)'— ,

(4) ;( )(22—1-1)!

o0 4A2i
cos(A) = (= )ZW,

i=0 ’
' O A2i+1
sinh(A) = 2T

i=0 ’

o A2i

cosh(A) = ZO 2

i

(4.15.1)

Theorem 4.15.1 (Exponential for blades). Let Ay € CI(V) be a k-blade. Then

cosh(a) + A0 if A2 = o2
GAk = 1—}—Ak, ZfA2:0
cos(a) + Ak$, if A2 = —a?.

Proof. Assume A7 = o*. Then

Assume A7 = 0. Then

=1+ A
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Assume A? = —a?. Then

£ (2i)] ,m+m

= (4.15.5)
- ;(_ A Z 22 +1
:m@+mm@
0

Theorem 4.15.2 (Sine for blades). Let A, € CI(V) be a k-blade, o € R, and a # 0.
Then

Ak sin(ia), Zf Ak = a2
sin(Ag) = < Ay, if A2 = (4.15.6)
AR g A2 = —a2

Proof. Assume A7 = o?. Then

o0 Az
sin(Ag) = ) (—1)'—
ZZ:; (26 + 1)!
% 2
A S (L) (4.15.7)
’“;( ) (20 +1)!
_ Aksm(a)
a
Assume A? = 0. Then
o0 A2i+1
sin(Ag) = —1)" =
(4) ;( ) (2 +1)! (4.15.8)
= Aj.
Assume A7 = —a?. Then
o0 A2i+1
sin(Ag) = ) _(=1)'7-"
g Z; (20 + 1)
o 2
_ 4 (4.15.9)
Z (2 +1)!
_ Aksmh( @)
o
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Theorem 4.15.3 (Cosine for blades). Let A, € CI(V) be a k-blade, a« € R, and o # 0.
Then
cos(a),  if A7 =a?
cos(Ag) =< 1, if A2 =0 (4.15.10)
cosh(a), if A2 =—a?

Proof. Assume A;, = o?. Then

i AR
os{ ) = ;(_1) (2i)!
o (4.15.11)
= cos(a).
Assume A, = 0. Then
& ‘AQi
A=Y (1)
cosl4e) ;( e] (4.15.12)
=1.
Assume A, = —a?. Then
e AR
cos(Ay) = Z(— ) W
=0
B i a?t (4.15.13)
£ (2i)]
= cosh(a)

O

Theorem 4.15.4 (Hyperbolic cosine for blades). Let A, € CI(V) be a k-blade. Then
cosh(a), if A =a?

cosh(A) =< 1, if A2 =0 (4.15.14)

cos(a),  if A2 =—a?
Proof. Similarly as in the proof for the cosine. m

Theorem 4.15.5 (Hyperbolic sine for blades). Let Ay € CI(V) be a k-blade. Then

A Se) i A2 = o
sinh(A4y) = < Ay, if A2 =0 (4.15.15)
ARl A2 = a2,

Proof. Similarly as in the proof for the sine. m
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5 Linear transformations

In this section we study the linear transformations of V', extended as outermorphisms
to all of CI(V). The orthogonal outermorphisms in CI(V') have a particularly powerful
representation as pinors.

5.1 Determinant
The determinant is a function det : Out(V) — R defined by

det(f) = f(A)A L, (5.1.1)
for any invertible n-blade A,, € CI(V'), where n = dim(V).

Theorem 5.1.1 (Determinant is well-defined). Let f € Out(V), and A,, B, € Cl(V)
be invertible n-blades. Then

F(A)ATT = f(Ba)B, (5.1.2)
Proof. First, notice that

A.B;'=A, | B'eR. (5.1.3)
Then

f(An>A;1 = f(AntanxAnB;an)il
= (A B [f(Ba) B, (AxB, )™ (5.1.4)
= f(Bn)Bgl
O

Remark 5.1.2 (Determinant is not additive). If f, g € Out(V), then f4g ¢ Out(V)
by Theorem 2.7.5, and so it may not be deduced that det(f + ¢g) = det(f) + det(g), since
the left term is not defined.

Theorem 5.1.3 (Determinant of a scaled function). Let f € Out(V), and o € R.
Then
det(af) = a™det(f). (5.1.5)

Proof. Let A, =ay A---Nay, € CI(V), where {al, ...yan} C V. Then

det(af) = (af)(An)A;
= (af)(@ A+ A an)A;
(/o) A+ A (o A7
= [(@f(a)) A==+ A (af (an)]AL"
= a"[f(ar) A - /\f(an)]Agl (5.1.6)
= f( A Aap)At
"f(A) AL
”det( ).
0
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Theorem 5.1.4 (Determinant of the composition). Let f,g € Out(V'). Then

det(f o g) = det(f)det(g). (5.1.7)

Proof.

" (5.1.8)

5.2 Pinors and unit-versors

A pinor is a an invertible element C' € CI(V) such that CoC~' € V, for all v € V, and
|C|| = 1. The pinor group, and the unit-versor group are groups defined by

Pin(V) ={C € CI(V) : C is a pinor},

5.2.1
Versor; (V) ={C € Cl(V) : C is a versor, |C|| = 1}, ( )

respectively, with the geometric product as the group operation. The pinor transform
along C' € Pin(V) is an algebra automorphism C' : CI(V') — CI(V') defined by

C(v) = CvC ™, (5.2.2)

for all v € V. The pinor transform through C' € Pin(V) is an algebra automorphism
C:Cl(V) — CI(V) defined by
Cv) = CoC, (5.2.3)

for all v e V.

Remark 5.2.1 (Along and through). The terms along and through become under-
standable when we consider reflections later.

Remark 5.2.2 (Versor group). The unit-versor group and the pinor group can be
extended to a larger group by removing the restriction ||C|| = 1. The result is the versor
group, also known as the Clifford group, or the Lipschitz group. However, since
scaling a pinor by a non-zero real number does not change the induced pinor transform,
the class of transformations is not extended.

Theorem 5.2.3 (Pinor transforms are orthogonal). Let C € Pin(V'). Then C|V €
O(V), and C|V € O(V).

Proof. Since C' is a vector-preserving algebra homomorphism in CI(V), it is orthogonal
by Theorem 4.7.9. Therefore C|V € O(V). Similarly for C|V'. O
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Theorem 5.2.4 (Pinor transforms preserve blades). Let C € Pin(V), and A, €
CI(V') be a k-blade. Then C(Ay) and C(Ay) are k-blades.

Proof. Let Ay = ay---ar € Cl(V), where {ay,...,ar} C V is orthogonal. Since C is
orthogonal by Theorem 5.2.3,

Q(GHL) : Q(Gj) = a; - aj;. (524)
Therefore C(A}) is a k-blade. Similarly for C(Ay). O

Theorem 5.2.5 (Pinor transforms preserve grades). Let C € Pin(V), and A €
ClI(V). Then

C({A)) = (C(A))y
C((A),) = (C(A)),.
Proof. Since the pinor transform along a pinor and grade selection are both linear, we
may assume that A is a k-blade. Then C'(A) = C((A),) is a k-blade by Theorem 5.2.4.

Therefore the pinor transform along a pinor preserves the grade. Similarly for the pinor
transform through a pinor. m

(5.2.5)

Theorem 5.2.6 (Pinor transforms preserves all products). Let C' € Pin(V), and
A, BeCl(V). Then

C(AB) = C(A)C(B),

C(ANB)=C(A) AC(B), (5.2.6)
C(A| B) = C(A) | C(B), -
C(Ax B) = C(A) * C(B),

and similarly for C.

Proof. The geometric product is preserved by the definition of the pinor transforms. The
rest of the products are defined in terms of the geometric product, linear combinations,
and grade selection. Since linear combinations by definition, and grades are preserved by
Theorem 5.2.5, these products also preserved. O

Theorem 5.2.7 (Pinor homomorphism). Let ¢ : Pin(V) — O(V) : ¢(C) = C|V.
Then ¢ is a group homomorphism.

Proof. Let C, D € Pin(V), and v € V. By the associativity of the geometric product,
¢(CD)(v) = CD(v)

_ Q(BUD_ (5.2.7)
= C(D(v))
= [C o D](v)
= [¢(C) 0 9(D)](v)
O
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Theorem 5.2.8 (Pinor non-homomorphism). Let ¢ : Pin(V) — O(V) : ¢(C) =
C|V. Then ¥ is not a homomorphism.

Proof. Let v € V. Then ¢(1)(v) = —v, i.e. 1 does not map the identity element in
Pin(V) to the element in O(V'). Therefore v is not a homomorphism. O

Theorem 5.2.9 (Kernel of the pinor homomorphism). Let ¢ : Pin(V) — O(V) :
o(C)=C|V. Then
¢~ (idy) = {—1,+1}, (5.2.8)

where B, € CI(V) is any unit n-blade.
Proof. Let v € V and C € Pin(V). Then

Cv) =w
& CvC™t =vw
s Co vC
o vcgév -0
& v C =0,

and this holds for all v € V. By linearity of the contraction, and by Theorem 4.8.9, it
then holds that
AlC=(A),]|C, (5.2.9)

for all A € CI(V). In particular,

> (5.2.10)

€

and therefore C' = <C’71)51 € R\ {0}. It follows from ||C|| =1 that C' € {—1,+1}. O

c-!
(¢
(C”

Theorem 5.2.10 (Unit-versor epimorphism). Let ¢ : Versor, (V) — O(V) : ¢(C) =
C|V, Then ¢ is a group epimorphism.

Proof. Let C = ¢y -+ ¢ be a versor, where {cy,...,c;} C V are invertible, and ||C|| = 1.
Then C' € Pin(V') by Theorem 5.2.13, and C|V € O(V') by Theorem 5.2.3. The ¢ is a
group homomorphism, since it is a sub-group-restriction of a group homomorphism by
Theorem 5.2.7. The proof of Theorem 5.2.13 shows that the pinor transform along C'
is repeated reflection along lines {ci,..., ¢} (in that order). Then for every f € O(V)
there exists a versor C' € Pin(V') such that C = f by Theorem 3.3.6. Therefore ¢ is
surjective. O

Theorem 5.2.11 (Pinor homomorphism is an epimorphism). Let ¢ : Pin(V) —
O(V):¢(C)=C|V. Then ¢ is a group epimorphism.

Proof. The ¢ is a homomorphism by Theorem 5.2.7. Since Versor; (V) C Pin(V), and
Versor; (V) is epimorphic to O(V') by Theorem 5.2.10, ¢ is an epimorphism. O
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Theorem 5.2.12 (Unit vectors are pinors). Let ¢ € V be a vector such that ||c|| = 1.
Then ¢ € Pin(V), and

ev) =v =2(c-ve, (5.2.11)
c(v) = 2(c-v)c -,
forallveV.
Proof. Since ||c|| = 1, ¢ is invertible. Then
cve ™t = —(ev)e?
= —(2(c-v) —ve)e! (5.2.12)
=v—2(c-v)ceV,
and cvc™! = —cvc!. O
Theorem 5.2.13 (Unit versors are pinors).
Versor; (V) C Pin(V) (5.2.13)

Proof. Letv € V,and C = ¢; - - - ¢, where {cy, ..., ¢} C V are invertible, and ||Cy|| = 1.
Then

CrvC;t = Cr1,0(Crney) ™!

— . (5.2.14)
= C’k_l(ckvc,; )C’l;l.

Since Gyuey, ' € V by Theorem 5.2.12, @vC’,c_l € V by induction. Therefore C, € Pin(V').

O

Theorem 5.2.14 (Kernel of the unit-versor epimorphism). Let ¢ : Versor; (V) —
O(V):¢(C)=C|V. Then

¢~ (idy) = {—1,+1}. (5.2.15)

Proof. Since Versor(V) C Pin(V) by Theorem 5.2.13, it follows that ¢~ !(idy) C
{—1,+1} by Theorem 5.2.9. Since —1 and +1 are both 0-versors, ¢~ (idy) = {—1,+1}.
[l

Theorem 5.2.15 (Pinors are unit versors).
Pin(V') = Versor, (V). (5.2.16)

Proof. Let ¢ : Pin(V) — O(V) : ¢(C) = C|V. Then ¢ is an epimorphism by Theorem
5.2.11. Since Versor; (V) C Pin(V') by Theorem 5.2.13, ¢|Versor; (V) is an epimorphism
by Theorem 5.2.10. In addition, ¢~'(1) = {—1,41} = (¢|Versor;(V)) (1) by Theorem
5.2.14 and Theorem 5.2.9. It then follows that Versor;(V) = Pin(V) by Theorem
2.1.3. [l

Remark 5.2.16. Pinors are either even or odd by Theorem 4.4.9.
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Theorem 5.2.17 (Pinor transforms for an odd pinor). If C' € (Pin(V))_, then

C(A) = CAC,

é(A) = CAC™, (5.2.17)

for all A€ Cl(V).

Proof. By linearity, we only need to prove the result for k-blades. Let Ay, = a1---ax €
Cl(V), where {ay,...,ax} C V is orthogonal. Then

C(Ax) =Cl(ay - ay)
=C(ar)---Clax)
- < “10_1> (C“’“C_1> (5.2.18)

Similarly for C. m

Theorem 5.2.18 (Pinor transforms for an even pinor). If C € (Pin(V))_, then

c(4) =cAc,
L (5.2.19)
C(A)=CAC™,
for all A e Cl(V).
Proof. The proof is similar to that of Theorem 5.2.17. m

Theorem 5.2.19 (Determinants of pinor transforms). Let C' € Pin(V'). Then

1 ’ Pi
-1, i C e (Pin(V))_
+1, ifC e (Pin(V)),, (5.2.20)
det(C|V) = ¢ +1, if C € (Pin(V))_, and dim(V') is odd,
-1, if C e (Pin(V))_, and dim(V') is even.
Proof. We may write C' = ¢y - - - ¢, where {c1,..., ¢} C V are invertible unit vectors, by
Theorem 5.2.15. Then
det(C|V) = det(cy - - - cx|V)
=det(ci|Vo---oc|V
(al alV) (5.2.21)

= det(c1|V) -+~ det(ck|V)
= (—1)".
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Let B, € CI(V) be any invertible n-blade, where n = dim(V’). Then
det(C|V) = det(Q)

= Q(Bn)BEI
= (CBanl)Bgl

~ 5.2.22
= (-1)*C(B.,C™'B,") ( )
= (-1(-1"CC
— (_1>k(n+l)’

O
Theorem 5.2.20 (Pinors have a unit pinor norm). Let C' € Pin(V). Then
CC=CC e {-1,+1},
_ et J (5.2.23)
CC=0CC e {-1,+1}.
Proof. By conjugation,
CoC-1 = C-15C
_ WO (5.2.24)
= —61}0’1,
where the last step is because CvC~' € V. Now
v=CCvC™'C!
— - (5.2.25)
—Ceu(Ce)

Therefore CC' € {—1,+1} by Theorem 5.2.9, and cC=cCC=CcC. Similarly, but using
reversion instead, one shows that CC = CC € {—1,+1}. O

Theorem 5.2.21 (Scalar product preserves the geometric product of pinors).
Let A, B € Pin(V). Then

(AB) % (AB) = (Ax A)(B = B). (5.2.26)
Proof.

(AB) * (AB) =

AA)(BB) (5.2.27)

where we used Theorem 4.4.13, and Theorem 5.2.20. O
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5.3 Spinors and rotors

The spinor group, and the rotor group, are sub-groups of the pinor group defined by

Spin(V) = (Pin(V)),,
Rotor(V) — {C € Spin(V) : C+C — 1}, (53.1)

respectively. The corresponding elements are called a spinor, and a rotor, respectively.

Remark 5.3.1 (Naming for pinors). Spinors were named first. According to [1], the
name for pinors was originally a joke due to Jean-Pierre Serre. It stuck into use.

Remark 5.3.2 (Rotors are special spinors). A rotor is also called a special spinor.
In [4], page 106, it is erroneously claimed that not all special spinors are versors. This
contradicts Theorem 5.2.15. The error can be traced to the sentence

From previous considerations, we know that such an equation can obtain for
all x only if A has a scalar and possibly a pseudoscalar part only.

However, there can be no pseudo-scalar part by Theorem 5.2.9.

Remark 5.3.3 (Rotors are rotations). Rotors are the correct generalization of rota-
tions from definite bilinear spaces to indefinite bilinear spaces.

Theorem 5.3.4 (Spinor transforms are special orthogonal). Let C' € Spin(V).
Then C|V € SO(V) and C|V € SO(V).

Proof. 1t holds that C|V € O(V) by Theorem 5.2.3. In addition, det(C|V) = 1 by
Theorem 5.2.19. Therefore C|V € SO(V'). Similarly for C|V. O

Theorem 5.3.5 (The spinor group is epimorphic to SO(V)). Let ¢ : Spin(V) —
SO(V):¢(C) =C|V. Then ¢ is a group epimorphism.

Proof. Since Spin(V') C Pin(V), ¢ is a group homomorphism by Theorem 5.2.11. Since
(Versor,(V)), C Spin(V), ¢ is surjective by Theorem 3.3.6. O

Theorem 5.3.6 (Rotor product is proper special orthogonal). Let C' € Rotor(V).
Then C|V € SO (V).

Proof. 1t holds that C|V € SO(V) by Theorem 5.3.4. TODO. O

Theorem 5.3.7 (The rotor group is epimorphic to SO"(V)). Let ¢ : Spin(V) —
SO* (V) : ¢(C) = C|V. Then ¢ is a group epimorphism.

Proof. TODO. O
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5.4 Projections

Let B; € CI(V) be an invertible I-blade. The projection on B, is a function I'?t : CI(V) —
Cl(V) defined by
AP = (A B™) | B (5.4.1)

The rejection from B is a function 15 : CI(V) — CI(V) defined by
AtBi= A — AlB (5.4.2)

Remark 5.4.1. Projection on and rejection from a blade B; € CI(V') are independent of
non-zero scaling of B;. Only the span(B;) matters.

Remark 5.4.2 (Intuition for the projection). The projection can also be written as

1
AFBBET This gives an intuition for the projection.

Theorem 5.4.3 (Projection on a blade is an outermorphism). Let B, € CI(V) be
an invertible [-blade. Then the projection on By is an outermorphism.

Proof. By linearity, we only need to prove the result when A is a k-blade. Let A; =
ai A---ANay € Cl(V), where {ay,...,ar} C V. Then

(A1 | )JBl] [(ax ] BY) | BI]
(A ] BY) | Bl | [akJB_l}}JBl
([ (Ar- 1JB 1B Aa) | B}

| B
<ak/\[<Ak1JB >JBZ]) Bll} | B,

[
{
{
{
o ([(AMB )JBz] )y
{ K
{
-1

P PAL

oy <<Ak 1 ) > (5.4.3)
= qax | (Ak: 1 )}J B,
<ak N Aj 1) } | By
= (A ] B') | B,
= A8
where we used Theorem 4.8.9 and Theorem 4.10.13. O]

5.5 Reflections

A reflection along an invertible [-blade B; € CI(V) is the pinor transform along B;/|| B||.
A reflection through an invertible [-blade B; € CI(V') is the pinor transform through
Bi/||Bull-

Theorem 5.5.1 (Reflection along a blade for vectors). Let a € V', and B, € CI(V)
be an invertible unit [-blade. Then

By(a) = —dlP + o5, (5.5.1)
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Proof.
Bi(a) = BaB;!
= CB; La—i-/B\l/\a)Bf1
= (—CLJ Bl—i_a/\Bl)BZI (552)
= (—a | B)B; '+ (a N B)B;*
=—(a] B ") | Bi+ (aAB)B;"
f— _aIIBl + aJ—Bl7
where we used Theorem 4.8.4, and Theorem 4.10.14 O]

Example 5.5.2 (Intuition for a reflection along a blade). Consider the reflection
of a vector along an invertible blade B, € CI(V) in the following cases. The case | = 0
is called a reflection along a point; it does not do anything. The case [ = 1 is called a
reflection along a line; it negates the single component along the line. The case | =n —1
is called a reflection along a plane; it negates the n — 1 components along the plane. The
case | = n is called a reflection along a space; it negates all the n components. In the
general case [ components along span(B;) are negated.

Theorem 5.5.3 (Reflection through a blade for vectors). Let a € V, and B, €
ClU(V) be an invertible unit [-blade. Then

By(a) = dlPt — P (5.5.3)
Proof. This is immediate from Theorem 5.5.1. [

Example 5.5.4 (Intuition for a reflection through a blade). Consider the reflection
of a vector through an invertible blade B; € CI(V') in the following cases. The case [ = 0
is called a reflection through a point; it negates all the n components orthogonal to the
origin. The case [ = 1 is called a reflection through a line; it negates the n— 1 components
orthogonal to the line. The case [ = n—1 is called a reflection through a plane; it negates
the single component orthogonal to the plane. The case [ = n is called a reflection through
a space; it does not do anything. In the general case n — [ components in Span(Bl)‘W are
negated.

Remark 5.5.5 (Generalized projections). Let a € V', and B; € CI(V') be an invertible
unit [-blade. Then the projection on B; can equivalently be given by
1
alPr = é(a — Bi(a)). (5.5.4)

Since this formula also makes sense when B € Pin(V/), it is natural to ask whether this
generalizes projection in some useful way. The answer is unclear to me; the corresponding
outermorphism does not seem to have a simple form.

Theorem 5.5.6 (The relation between the reflections). Let B, € CI(V) be an
invertible unit [-blade, and I, € CI(V') an invertible n-blade. Then

Bi(A)™ = B (A),
(A = B (A).

(5.5.5)

106



Proof.

Bl(Ak)”_In — ((_1 lelAkBl—l) J ]’;1
= (- BAB
o L . (5.5.6)
= (-1)MB(I,'L,) A(1,B))
= (—D)" (BN L A(LB) ™!
O

5.6 Adjoint

Let f : CI(V) — CI(V) be an outermorphism. The adjoint of f is a function f : CI(V) —
Cl(V) such that

f(A)« B=Ax f(B), (5.6.1)
for all A, B € CI(V).
Remark 5.6.1. Since * is non-degenerate, the adjoint is well-defined.

Theorem 5.6.2. Let f € Out(V). Then f is linear.

Proof. Let A,B, X € Cl(V), and «, 8 € R. By the definition of the adjoint, and the
bilinearity of the scalar product,

X f(aA+ 6B) = f(X) x (A + B)
— a(f(X) + 4) + B(X) + B) 502,
= a(X x f(A) + B(X + f(B))
= X« (af(A) + B7(B)).
Since * is non-degenerate, the result follows. [

Theorem 5.6.3. Let f € Out(V). Then f € Out(V).

Proof. By linearity we only need to prove the result for k-blades. The ]7 is linear by
Theorem 5.6.2. Let Ay, = a3 A--- Aag € Cl(V) be a k-blade, and let X € CI(V'). Then

X f(Ar) = f(X) % (Ap—1 A ar)
= (Ak—l A CLk) * X)

I (5.6.3)
= (Ap1 Aax) | f(X)
= A1 ] (ax ] f(X))
TODO. Since % is non-degenerate, the result follows. m

6 Geometric applications

In this section we derive solutions to problems traditionally approached with various kinds
of machinery in linear algebra. We shall see that much of that machinery is subsumed by
geometric algebra, providing easily-modifiable formulae with powerful generalizations.
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6.1 Cramer’s rule

Theorem 6.1.1 (Coordinates of a vector on a basis). Let B = {by,..., b} CV be
a linearly independent set of invertible vectors, By = by A---Aby, and v € span(B). Then

k
0=Y b (6.1.1)
=1

where
az:(bl/\/\bzfl/\v/\szrl/\/\bk)Bk_l (612)

Proof. Multiply, with the exterior product, Equation 6.1.1 on both sides from the left by
by \---Ab;_1 and from the right by b; 11 A--- Abg. The result follows from the alternation
property of the exterior product. m

6.2 Gram-Schmidt orthogonalization

Let A ={ay,...,ar} CV be aset of invertible linearly independent vectors. The Gram-
Schmidt orthogonalization of A is a set L(A) = {by,...,bx} C V, defined by b; = ay,
and

bi = (—1)i*1(ai . CLi)(bl VANRRRIVAY bifl) J (bl VANRREIVAY bi,1 VAN CLZ‘>71, (621)

for i € [2,k].

Remark 6.2.1. We gave the Gram-Schmidt orthogonalization in a form which uses the
previously computed vectors b; instead of the original vectors a;. While mathematically
equivalent, using the b; is numerically more stable. This algorithm is often called modified
Gram-Schmidt orthogonalization.

Theorem 6.2.2. If A = {ay,...,ax} C V is a set of invertible linearly independent
vectors, then L(A) = {by,..., by} is orthogonal.

Theorem 6.2.3. If A = {ay,...,ar} C V is an orthogonal set of invertible linearly
independent vectors, then L(A) = A.

Proof. The result holds by definition for b; = a;. Assume ¢ > 1. Then

biA- Abica) | (0 Aby A Abi) !

= (b bi)(a; by bimg) ™! (6.2.2)
= 51"'bifl)(br"biq)*lai
= a,”

for i € [2, k], where we used Theorems 4.5.9 and 4.10.14. ]
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6.3 Alternating forms and determinant

Let V and W be vector-spaces over the same field F'. A k-map from V to W is a function
fr : VE — W. A k-map is called multi-linear, if it is linear in each of its arguments,
and alternating if it equals zero whenever two of its arguments are equal. A linear
combination of two k-maps f; and g, is defined by

(afr + Bar)(ay,...,ax) = afi(ay, ..., ax) + Bgr(ar, ..., ax). (6.3.1)

A k-form on V is a multi-linear k-map from V to F. The set of alternating forms on V'
is denoted by Alt(V'), and the set of alternating k-forms on V' is denoted by Alt(V), C
Alt(V). Let I = {i1,...,ix} C N be a set such that 4; < --- < 4, and {a;},.; CV a
set of vectors indexed by I. Then we denote ar = (a;,,...,a;) € V*. The exterior
product of alternating forms is a bilinear function A : Alt(V)? — Alt(V') such that

(fe Ng)(appsy) = Z sgn(l,J) fe(ar)gr(ay), (6.3.2)
(1,7)€Sh(k,D)
for all f, € Alt(V)y and g, € Alt(V);, where the set of (k,[)-shuffles is defined by
Sh(k,1) ={(I,J) € o([1,k+1]) :I e N*,J e N,

1§[1<<[k§k+l, and (633)
1< << <k+l}.

Let Alt(V') be the set of alternating forms on V, and [-|x : CI(V) — Alt(V), called the
k-form epimorphism, such that

(Al (a1,...,a5) = Ax (g A=+ A ag). (6.3.4)
Theorem 6.3.1. Let A, B € CI(V'). Then

[A], A [B], = [AA B (6.3.5)

k+l-

6.4 Reciprocal bases

Let B = {by,...,bx} C V be linearly independent, and By, = by A --- A b, € CI(V) an
invertible k-blade. The reciprocal {b!,... v*} C V of B is defined by

b= (1) by A Al A Aby)

for all ¢ € [1, k], where the check-mark denotes a missing factor.

Theorem 6.4.1. Let B = {by,...,by} CV be linearly independent, B, = by A--- ANby €
Cl(V') an invertible k-blade, and {b',... b*} C V the reciprocal of B. Then

bi- b =6(i,7), (6.4.1)

for alli,j € [1,k].
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Proof.

By,

bi -0 =bi- (1) by A Abj A A D)
= (=177 | [(by A A A Aby) | B
)

= (b A A A b | B (6.42)
B ) A A | By
=6(4,5)Br | By
=0(i,J),
where we used Theorem 4.9.3, and Theorem 4.9.4. O]

References

[1] M.F. Atiyah, R. Bott, and A. Shapiro. Clifford modules. Topology, 3, Supplement
1(0):3 — 38, 1964.

[2] Chris Doran and Anthony Lasenby. Geometric Algebra for Physicists. Cambridge
University Press, 2005.

[3] Leo Dorst, Daniel Fontijne, and Stephen Mann. Geometric Algebra for Computer
Science: an Object-Oriented Approach to Geometry. Morgan-Kaufmann, 2007.

[4] D. Hestenes and G. Sobczyk. Clifford Algebra to Geometric Calculus : A Unified
Language for Mathematics and Physics, volume 5 of Fundamental Theories of Physics.
Kluwer Academic Publishers, 1987.

110



